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- CALCULATION OF LOAD DISTRIBUTION IN

STIFFENED .CYLINDRICAL SHELLS*

By E. Ebner and H. Koller

Thin-wyalled shells with strong longitudinal and trans-
verse stiffening (for example, stressed-skin fuselages and
wings) may, under certaln simplifylng assumptiona, be
troated as static systems with finite redundancies. In
this report the underlying basis for this method of treat-
mont of tho prodblem 1s prosented and a computation nroco-
dure for stiffened ocylindrical shells with curved sheet.
Panols indicated. A detalled dilscussion of tho force dis-
tribution due to applied concontrated forces is givon, .and
the dlscusslon illustrated by numerical examples which ro-
foer to an eoxperimentelly detecrmined ecircular cylindrical
shgll. Tho tost results reported by E. Schapitz and G.
Erumling in a simultaneously avpearing paper (reference 1),
confirm the relianbility of tho method proposod.

I. INTRODUCTION

Tho determination of the stress distribution in
strossed-skin (or monochuo) wings and fuselages, accord-
ing to tho elementary Navier theory for the bending of
beamsg, or the Bredt theory for the torsién of thin-walled
hollow bodles, 1s besed on the preliminary assumptlon that
the applied forces correspond to the elementary stress
digtridution. Lerge disturbances, which as characteristic
additionnl stresses are superimposed on the elementary
stresses, parise on the application of concentrated longi-
tudinsl forces - such, for example, as occur at o closed
shell vhere the continuity of the structure:ig interrupt-
ed by o cutaway portion. (See fig. la.)

Further deviations from the simple qtgtp,of‘sfresa in-
dicated by the abovoe theorles arise on torsion and bondling

*#Zur Borechnung des EKraftvorlaoufes in verastoiften Zylin.
derschalen." Luftfahrtforschung, vol, 14, no, 12,
Docembor 20, 1937, pp. 607-626.
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by transverse forces 1f the loads are applied at the inter-
nedliate transverse walls which are restrained from dofor-
nation, or i1f the dimensions are not uniform along the -
axlas, or 1f the shell is rigldly attached at the end (fig.
1b)., Finally, a snall transverse stiffness of the bulkw
heads (as, for examnle, in monocogque fuselages) may, on

tho cppliceation of arbltrary transverse forces and nonents,
affect the elenentary stress distribution.

The computation of the additional stresses due to rew
straint against deformation of a transverse section in
torsion, has already heen treated by several authors (ref-
eronce 2). A method of deternining the addltional stress-
oes ariging on the application of longltudinal forces 1n
long, thin-walled, cylindrical shells has been given in a
pavor by HE. Wagnor. and He. Siron (reference 3), TFor shells
with strong longltudinal and transverse stiffening, a sin-
pllfied shell model with redundant axial groups of forces
has becn proposed 1n a previous work, in which the force
distributlon is deternined by o statically indeterminete
conputation.l This rnethod hag beon applicd to the treat-
nent of the speclal case of the 8=gtringor cylindrical
sholl with double crocs=soctional symnetry undor axial
load (roforonco 5)s In tho present peper the underlying
principlos aro prosentod in a conprohensive nanner and the
conputatlon 1s extended to eylindricel shells of arbitrary
cross sectlon under bending, twilsting, and axial loading.
Yor the latter case there 1g investigated, with the ald of
nunericecl exanples, the offect of various stiffeners on
the force dlstridbution. The nethod is further applied to
a cylindrical shell whose stress distribution has beon ox~

erinontally deternined for the caso of axlal loading.

Sec rofcronco l1.) A corresponding conmputation for the
caso of stiffoned flat disks wlll appear in a later work
in connoction with sinilar test results.

,II. UNDERLYING PRINCIPLES OF THE METHOD

l, Sinplified Modol of the Sholl Structurse

Tho cylindrioal shells conslst essentlally of the
shoot or skin, the longitudinal gtiffeners (stringers),

1Tho sane simplifications for the computatlion of stiffened
shells are given by O. S. Heck in his .paper (reference 4).
Hig procedure, 1llustrated dy examples, dlffers essentlally
fron the one here presonted in the cholco of the statle
redundancles.
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and tha transverse etiffeners (bulkheads). The longltudi-
nal -satIffencors are .assumed .tq dbo insglde -and attached to
tho skin, while ‘the transvorse stiffeners, assumed as Par-
pllel, moy oither be attached to the sheoot (for example.
in the nelghborhood of the positions of load opplication)
or attached only to the inner gides of the stringers. Tho
bdSkheads may be in tho form of frameworks or flexurally
rigld solid rings. The shell oross sectlon ls assumed to
be simply connected, although the method may be extoended
to. multiply connected systems. For the asmake of simplic-
1ty, we shall restrict ourselves to cylindrical shells
since tho disturbances of tho elementary stress condltion
in monocoque fusclages and wings almost always extend over
individual. small portions, which mey approximntely be con-
siderod as of cylindrical slhapse.

The transverse stiffening walls =aro denoted in the
positive x direction by 0, 1, ..., Kk, .e., n (fig. 2).
They divide the system into bays, esach of which 1g denoted
by the stiffener number on ites right, The atringers are
nunbered golng around the positive dirocctlion from some inil-
tlal position 1, 2, se.y, J, eee, m, the peripheral por-
tions lying between tho ntiffcners (shent or bulkhead pore
tions) boing donotod by tke higher stringer number as sub-
serlpt. All goomotrical and structursl nagnitudes in tho
sholl rocolvo a double subscript J,k correspondlng to
thoir poesltion.. If the transverso section possegssos axos
of synmo try, then symmetrically lying nagnitudes are glven
tho sanc subscripts. ,

For the conputation of the shells under consideration,
the following sinplifiod model 1s used as a basls. The
bulkhoads toke up forces that 1lie in the dulkhead planes
only. The stringors are assumed to be hinge-conne cted to
tho dbulkheads. In the cese of stringers that go through
and possosd great flexural stlffnoss of thelr own, the ad-
ditional strosses may bo tnken into account, as in tho
case of frameworks, by the introduction of nodal-point mo-
nonts as additlional statlic rodundancies. In the gkln it-
solf a pure membrane~type of stress dlestridution is assunmed.

The most inportant simplification is in connection
with the strees distribution in the rskin and stiffeners. .
The tronsverse stiffeners are, for the nmoment, assumed to
be attoched to the skin; o generalization w111 be congid-
ered under gection III, 4. HNormal stresses will then be
transnitted by the stiffeners only, so that the sheet pan-
ols act as pure tonsion fields. The normal stiffness of .
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the skin 1s taken into account by the addition of an ef=
fective width to the stringer sections. Under these as-
sumptions, 1n each of the sheet panels there 1s a con-

stant "ghear flow'Z (t = s T) to which correspond linear-
ly distributed normal forces 1in the longltudinal stiffenw
ers wlthin the panels, while the transverse stliffenor
walls ore stressed by tangentlal periphoral loads, namely,
differoncos of tho shear flows in the longltudinal dirocw-
tlon. This state of strosse agrees with the actual state =
the more closoly the stronger the stlffeners as compared
with tho skin. In the nolghborhood of points of attach-
ment and cut~out portions, theso are the relatlions which
generally exlst. Tho rollabllity of the assunmptions made,
which had previously been applied to the computatlion of
statically determinate systems (bending beams) is con-
firmed by tests. The assumption of constancy of the shear
in each of the panels in the longltudinal direction may,
in the case of curved shells, also be Justified by the
fact that generally the flexural stiffness of the akin
and stringers 1s sesnall -zompared to that of the transverse
stiffness of the bulkhesds, so that within no panel can
important peripheral stresses aride .in tho skin.

This sinpliflied shell model corresvonds to a lattico-
worl: with redundant transverse framnes in which the diago-
nals are roplacod by shoot panols under shear. For (n - 1)
intcrmedlate transversc fremes, each of which isg g-fold
statlcally indetoernlnate, the entirse system with nm sgstring-
ers is [(n - 1) (n - 3) + (n + 1)gl-fold statically inde-
torniante, and there arc further additional redundancies
ot nolate of cttachmont. The statlcally indetoerminato
computotlon of the sunplifiod systom gives the forco dis-—
tridbution "in the largo" snd the streosgs digtribution in
the cctunl shell deslgn nay then beo estlnated, taking lato
account the constructionel dotails. (Soo tho numorical
oxonple in section VI, 2.)

. 2. Principal Panel Systern
Longitudinal Forces as Static Rodundancios

Tho conputation of the statically indoterminate nodel
shell prococods along linos similar to those developed by
the first author in previous papers on space frameworks

20ne torm "Schubflﬁsse," trnnslated as "sghoar flow," ig
uscd conslstontly in Gorman papers to denote.shear stross
timos sliin thickness. (Translator)
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(reforonce 6) and box bheams (refercnce 7). A4 suitablo

--princival eystem ig obtained if each intermediate bulkhepnd,

in the ccso of end restraint also at the end bulkhead,
(n - 3) longltudinel attachnmonts of the m atringers are

" loosencd by the ingertion, for example, of hinges. On ac-

count of tho statle rodundancies in the transverse franes,
this noin gystem 1g atill statically indeterminate although
only atresses of the sane transverse etiffenere nay be su-
perinposed, )

The redundant longitudinal forces in the resolved

(mn = 3) attaochments of the stringers at a tranaverse
stiffonor produce in the two neighboring bays (m = 3)
etress distributions independent of each other. Such in-.
dependent stress condltions may also be obtained in a . -
"principal panel systom" in the following manner.® By in-
sorting einilar itransverse stiffeners the bays are com=
Plotely sevarated and between.them there 1e introduced at
the stringers (m - 3) saystems of longitudinal forces
under equllidbrium - systems which we ghall denote briefly

. by the term "characteristic force groups" (Eigenkraft-

gruppen) (fig. 3). These systems then produce in the -
nelghboring bays (n - 3) independent stress distributions:
1f none of the (m -~ 3) force groups may be represented

by & linear combination of the remalning groups. We then
say that such groups are linearly indevendent. At each .
transveree wall there are (m ~ 3) linearly independent
characteristic force groups - for example, those conslist-
ing of a concentrated force and its "resctlon forces" at
three definite stringers not lying in a plane. The linear
independence of ({m -« 3) arbitrarily set-up characteris-
tic force groups may be established by the following cri-
terion: There is formed the determinant of the (m = 39)¢
order in which each row coatains the forces comvosing a
group et (o - 3) stringers where the remaining three
stringers do not lie in a plane. The colunng then con-
taln the individual forces of the various force groups atb
some deflinite etringer. The (m - 3) characteristic force
groups will then be linearly independent if - and only 1f -
this determinant is different from gzero.

Example: Figure 3 ehows "three characteristic force

‘groupse’ ‘for & B-str&nger siveldl ., - The. determinant, for ex-

amnplo, of the 1ndiv1dua1 forceas at the three upper string-
ers will ‘be

e
—e

4See detailed Presentation cited under references 5 and 6.

- —e. —- - — e — . _ ——
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- 1 0 +1

+1 «2 +1 =2 ( - )
Yo
2y, 2y,

and on account of §9=#=1 is different from zero, so that
1
the force groups are linearly lndependent.

Such linearly independent force groups at the kth
tronsverse stiffener and denoted by Xj k% Xp p» «.-X, .

eoey Im_3 I+ @&re introduced as statle redundanciae and

chosen es uniform 13 the axianl direction = 1.e., the con-
ponent forces F, (B) . of the unit state of X, i are the

same for all k's. In thieg representation of a principal
systen, 1t is to be noted that the double transverse walls
are 1ldentical, so that the stress states in the right dulk-
head of the kbtE bay and in the left bulkhead of the

(k+1)th . bay must be superimposed. In the system so chosen
the streus states of tho redundancles at the k'R trans-
verse Btiffener are superimposed only by those at the
(k=1)¥2  ana  (k+1)*®  transverse stiffemers at the
and (1c+1)%% bays, resvectively, and by thoase at the
(k=2)%8. ang (k+2)%0  transverse stiffener at the (kyl)th
and (k+1)*2 bays. The redundancles et all other bulle

heads &0 not directly affect the redundancles at the kth
bulkhead,

bR

From an arbltrary system of (m = %) linearly inde~
rendent foreo groups  X,, 1t 1s possidlc to pass dy a
transfornation. '

xu = cp'l xl + OH’E xa +* eves + cu'm_z xm_3

(u:l, 2, ...,B-S) (1)

to new llnearly indevendent force groups iu. where the
determinent formed from the coefficients c,p must be
differont from gzero. Thilg arbitrariness in the cholce of
the static redundancles may be utiliged to obtain consld-
erable simplificatlion in the computation. For ardlirary

forece groups the statically indetermlinate ~computation
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loads, in the case of (n = 1) 4intermedliate ‘transverse
valls, to a system of (n = 1) (m =~ 3) and n (m - 3)
elastlclty equations for froe and restrained end rings, ro-
spectlvely -~ the solution of which equetions becoming vory
tedlous wvhon n and m are large. An attempt 1s there-
fore merde to choose the (m =~ 3) force groups in such a

manner that only the uniform groups in the axial directlion

. affect each other. The elasticity equations then break up

into (m - 3) 4indepondent partisl systems, each with

(n - 1) and n equations, respectively, which with the
prinelpal eystem chosen, are composed of five nembere each,
and in the cases of transverse stiffeners rigid in their
planes, are composed of three members.

The introduection of such “orthogonal“4 cheracteristlc
force groups 1s, in the cace of an arblitrary number of
stringers. possible only for a epecizl shell form, nanmely,
whero there 1s eyclical syumetry with regard to the geome-

" try and th Slastic properties of the shell. The component

forceg Pj'M’/ of each of the groups are then to be set

provortional to the ordinates of the slne and cosline curves
with 2, 3, eeo waves over the shell circumference.b For

m = 12 these force groups are shown in figure 4. (The
clrcular functions with higher wave nunbers lead to the
sane .groups.) With the ald of the orthogonallty relatlons
of the circular functions, it may easily be shown that the
groups of forces thus formed constitute systems in equi-
1ibrium, and that in their nixecd displacement coefflclents
(soe goction III, 2) the individual contributions from
stringers, sheet and transverse stiffeners vanlsh. They
are thorefore orthogonal, as nay be @een moro simply fron
a consideration ‘of the »ropertiocs of symmetry, since two
forco groups = of which one is symmetrical with respect to
an oxis of gymmetry of the system and the other antlsyn-
notrical « do not influence one another.

“The mutucl effect of two such foree groups 1s measured dy
the so-celled "mixed displacement coefficlent" (mee III, 2),
which 1gs ossentially a sum or integration of products of
the correspondihg etress values. The vanlshing of sguch
products is spoken of in mathematics as oxpressing tho

Morthogonality,"” for example, of the vectors or functions

concornod. . .
"“Thig procodure corresponds to the doformation method

proposod by Southwoll for the computation of cycliecally
symmotrical space frameworks (reference 8).
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The redundant force groups may be so ordered that
with lncreaslng subscript @ more individual groupe which
aro In equilibrium over a smaller and smaller reglon of
the circumference may be formed from thelr component
forces; for example, in filgure 4, for.the sine and cosine
groups for v = 2, equllibrlium 1s possidble over the enw~
tire circumference only, whereas the groups for p = 3
may oencch bo spllt up into two subgroups which may be in
equilibriun over only half the circumferenco. According
to tha princlple of St. Vonant, tho regions of influence
of thoe groups =must decrense wilth increasing "order" of
subscript wp, 8o that after a certaln order thoy may be
neglected.

In the case of & shell whose structure deviates only
8lightly from that corresponding to cyclical symms try,
forece groups are formod corresvondlng.to complete cyclilcal
symmetry and the slight mutunal effects are neglected. TFor
shells wlthout cyclical symme try, with only a few string-
erg and with sufficlent axial symnotry of cross section,
1t 13 stlll possible to set up orthogoral force groups.

An oxample is that shown in figure 3 for a 6-stringer
shell with cross-~sectlonanl symmetry with respect to the ¥
and x axes. A4lso for l2-gtringer, doudbly symmetrical
shells, characteristic force groups that have o negligible
offoect on oach other may, as shown in sectlon ¥V, be set up
for the nmost important loadlng conditions.

It 1s shown 1n the Appendix thnt for an arditrary
sholl construction, complete orthogonality of tho force
groups cen boe attalned in genceral only 1f the effect of
the deformations of one of the threc shell-structure ele-
ments ls neglected - i1f, for oxample, rigid sheoet or rigid
transvorse stiffoner is nssumed, The force groups may in
thls case be get uvp, under the assumption of oqual panels,
with the ald of "principal axes transformation.," This
procedure, however, possesses only theoretical value. For
most practical cases 1t 1s possible to uso the simple ap-
proximate system considered in section Ve An alternative
g to restrict the computation to a few panels in the
nelghborhood of points of disturbance and solve the elas-
ticlty equations for arbiltrary force groups according to
the ltoration method described in section III, 3.
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3. Decomposition of Bxternal Leading
. Principal Substitute Systom

. We consgider the loading cases in which there is &
congldorablo dilsturbanco from the elementary state of
stress. This will be the case whore concentrated forces
are applliod and also tho casoc of twisting and transverso’
bonding of restrailned shells or shells with "gtepped di-
mengions," and also ‘the case where load is applied at tho
lntormediate bulkheads.

The 1oad1ng of the shell by concentrated axlal forces
le generdlly reduced to the applicatlon of characteristle
force groups. ZFor this purpose there is subtracted from
the external loading the forces corresponding to the elew-
nentary thoory and there is thus obtained at the trans~
varse stlffoner at which the load 1s applied, a force
group whlech gives rigo in the ghell to a state of stress
exproesslng the differonce botweon the oclemontary and ac—=
tuel stross., Each force group Xp acting at a transvorse
stiffonor nay, however, be split up into groups of tho
form of the introduced redundancles X3, Xp, -0y Zne3

seince for the component forces of the groups at (m = 3)
stringers, this equation represents a systen of (m - 3)
linear oquations with the (m = 3) wvalues ©Cy4 Op, ses,

Cn. " o8 unknowns. This system has a unigue solutilon

since the doterminant formed out of the (nm - 3) component
forces of the linearly independent redundancies, according
to tho criterion of section II, 2, ie different fronm zero,
The nanner of this deconmposition is indicated in figure 5
for tho casoc of & bending force group conmposed of four
concontrated forces at .a l2-stringoer shell., The charac-
toristic forco groups Y3 and Yo correspond to tke co~
slne groups for B =3 and =56 in figure 4, and are
consldored more in detail in gection V.

-For the external loading, or a portion of 1%, another
principel systen than that used for the statle redundan=—
cles may be used in -a statically indeterminate computation.
Thig "substituto principal .system" is choson so that ite
state of stress corresponds as closoly as possible to tho
final one = the staticnlly indeterninate computation then
congtituting only an added computation; or a substitute
Principel system, for which tho computatlion of the load
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coofficionts i¢ as sinple as possidble, 1s taken. Both
roints of view, however, may not in general, be satisfled
slnultaneously. In applying a bending force group consist-
ing of four concentrated forces (fig. 5) on a restrained
shell, the four stringers at which the load is applied

mey, for oxample, serve as the substlituto principal sys-
ton and the load coefficlents are then determined only by
integration over the normal stress dlstridbutlions in thoeso
stringorse The static rodundancios, howoever, then assunc
large velues over the entire shell length. If, howevor,
the bonding force group ls reduced, as described, to theo
appllication of characteristic force groups, the static re-
dundoncles die down to small values in the longltudinal
dlrection. When the shell is loadod by twistlng forces,
tho "Bredt tube," gnd by transverse bending forces, the
"4decl beam) respectively, are chosen as the subdbstitute
princinol systems.. The staticelly indoterminate computa-
tion then gives the devintions due to the restraint against
deformation, from the clomentary stress conditlon.

There occur, besides, under these loading conditions,
disturbances due to the application at the transverse
stlffeners, of forces not corresponding to the elenentary
theorles. By subtracting the equivalent elementary stress
digtribution in the transverse stiffener from that actually
appllod, there 1s obtained an equilibrium system of extor-
nal forces which deform the transverse stiffeners and thus
affect the axial forco distribution. As a rule, however,
the statlcally indoterninate computatlion can be dispensod
wlith 1f thoe bulkhoads ~t which the loads aro applied are
deslgned suffliciently stiff.

III. PROCEDURE FOR THE STATICALLY INDETERMINATE COMPUTATION

l, Stress Digtribution

The following notation is usod for the dimenslons of
the cylindrical shell under conslderation (fig. 2):

e length of k'® bay (bulkhead spacing)
by, width of sheot penel botwoon (J - 1)®® ang *B
stringex.
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n
ng bJ, circumference of shell.

- -~ . . - (O T -

I
n
™

IJ. crogs~sectional area enclosed by shell.

¥,k cross seotion of the JPh stringer in the kB
bay (stringer section plus effective skin section).

8j,k» okin thickness in kP2 panel botween (J - 1)*%

eand Jth stringer.

For floxurally stiff ring bulkheads with constant cross
sectlon slong the ecircumference:

Fs,x» cross seotion of kPR bulkhead.

s,k moment of inertia of k%1 bulkhead ring (with ro-
spoct to radlal deflection).

The componont forces PJ(“) at the Jth stringer for the

unit state of the redundanciles X,,x are equal for all

values of k., The remslning symbols are sufficlently
cloar fron the toxt and 1llustrations.

Ae o result of X, , =1, the kB ana (k + 1)%B
pencls 1in the principaf'system are strossed. A4ccording to
the sinplified model sholl, normal forces arise In tho
stringers that decrease linearly to zero (fig. 6):

(W) . X p(w), O
LJ?k T ar PJu ’ L§T%+1 = 7"%;:;‘ pJ(H) (?)

(In each vanel x 1s measured from the left bulkhead) and
fron

3L
3,k 6
S =~ (g = by k)

there 1s obtalned for the constant shear flow in the shest
flelds - it R R

STho shoar times thickness (shear flow) 1s chosen positive
in the directlon of positive shear stress, hence opposite
that in the work cited in referonco 2. In tho figures the
roactions of tho shear flows on the stiffonors are shown,-
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(W) _ )
b5ty = 4L ¢ 'a;; , o (4)

: (1) (w) -
In particular cases tl,k and tl k+1 DOV be determined

from conslderations of symmotry of the system and of the
force groups; 1n general, however, there 1ls required the
additional conditlion that the shear flows at the transe
verso stiffeners form a system in equilidbrium whose momont
therofore vanlshcs:

(2F,) = 0 a § t{w)  (ep,) =0 (5)
=37/ = ant 21 Yy.x+1 R T

I'MB

£(8)
byk

where FJ i1s the sector of the eross-sectional area from

a sultable qrigin (for example, center of gravity of shell
cross section) to the circumferentlial portion bJ

Eaving obtalned the shear flows, the otress distrlibu-
tion in the transverse stlffener walls may be determlned
by considering the reactions of the shear flows as tangenu
tial peripheral loads, the stresses-1n the (k = 1)th ang

(k + 1)%®  bulkheads beinz opposite to the stress of the

kth  bulkhead from the shears of the kt®H ana (kx + 1)%2
panels, respectively. (See fig. 6.) Tho stress distribu-
tion devends on the Cesign of the transverse stiffener ard,
with static indeterminancy, required an addltional static-
ally lndeterminate computation. Framework and solid con-
nections are generally stiff emough, so that the changes

in shape 1ln theilr planes are small compared to the defor-
matlons of the stringers and sheet. The axlal force dls-
tribution will then be only slightly affected by them, so
that for the statically indeterminate computatlon they may
be assuned as rigld. The flexurally rigild bulkhead rings
in monocoque fuselages, howover, are subject to greator
deformati ons which irn any particular loading condition
must be taken into account. In goneral, they are threefold
statlcally indetérminate, although important simplifica-
tions result if axes of symmetry.of the cross sectlon are
present. The bulkhead ring computation for several shell
shapes 1g given in gection V.
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At the transverse .stiffener O, the applied charac-

—~ terlstic force groups ta which the axlal force loadlng had .

besn reduced (section II, 3) stress only the first panel

of the penel system. The state of atress 1s corresponding-
ly given by (3), (4), (5), where 1t 1s to be noted that

the transverse stiffener O 1s loaded only by the shears
of one panel,

In pure torslonal loading by noments M, at the xR

bulkhend, the k2 panel 1g acted upon by a twisting mo-
ment:

k-1

T =B, Mg | (8)

resulting, according to the Bredt theory, in a shear flow

££0) - - 2k (7)

ia the skin congtant ovor the circumference and within the
panel. The stringers are free from stress, the bulkhead
k 1s loaded by the difference between the sctual applied
twisting monent and the uniformly distridbuted elenentary
moment,

For transverse force bending the determination of the
"substitute state of stresa" in the stringers and skin
Proceeds ncocording to the well~known formulas of the bean
theory under the nssumption of the simplified model shell
(reference 2). In bending about the z axls, which igs
passed through the center of gravit¥ of the shell cross
section, the axilal forces in the k%h' panel are:

o . Haxns s, o
127 Ti e 74°
and the shoar flows:
Lo gty
R )
yZy Mk T8 |
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In the above equations B, 1s the bending moment, Gy
the tranesvorse force at the corresponding poslition, and

( 0)
1 X’ when not obtalned fron the synnetry properties, 1isa
obtalned in general fron the condltion:
(o)
RS R
i=1 'si,k G

for bending without torsion, In the transverse gstlffen—
er walls there arlipses, as In the case of torslon, o stress
distrlibution due to the manner of load application not
corresponding to the elerentary theory.

2, Strain Distridbution

Fron the stress distributions due ‘to Iu =1, xv =

1, there are obtalned in the usual way the strain or dis-
placement coefflclonts Bp v that 1s, the virtual work
?

which 1s done by the force group x“ =1 agalnst the disg-

placenents due to X, = 1:

fL( )Lw) f‘ (u) (v)
sp, v < B — dx +
’ stringersd EF skin
(w) _() (W) _(v)
B B E________
* bulg%eads [ E Jg dug +¥ I Tg du;] (10)

(du = circunferential element of skin,

dug = cirzunferential element of neutral ring axils.)

The bulkheads are assumed to be flexurally stiff rings
in which, as 1n the case of the beam, the vortion of the
work done by the transverse forces, 1s neglocted. For
franework and solld conneections, corresponding values are
to be formed, the derivation of which will not be gone into
slnce the chenges in shape of such transverse walls are neg-
ligible for the static computation.
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Wo consider first the individual contributlions to the

—Xirtual work of the stringers, sheet, and bulkheads gepa-

rately. TFor a stringer with cross section and lenﬁ ?
a, the portion due to the normal forces L(“) v

which vary linearly between the end values Pou) Pé

ana B{F), (") 4.

snr [ (n) (2P(“) + ng)) + Pé“) (2?&”9 + Pg”))] (11)

5
The displacoment coefficilent wi“ﬁ v)

the kx%B bay due to X =1 and x =1 (or X
B,k ok

of the stringers of

By k=1 -
1 and X, 3 = 1)

n B) pfv)
A shect of dimensions e, b and shear stiffness s G con-
tributes the portlon due to the constent shear flows t(u)
v
and t( ):
ob_ ,(u) (V) (13)
s G

(u,v)
B,k of tho sheot

portion of the kth bay due to xu.k = 1 and xv.k =1

so that the displacenent coefficient w

(or I, k-1 =1 ond xv'k_l = 1) 1is:

(w,v) _ BBy (w) L)
" - %R 5y, 6 bk ik (14)

The displacement coefficient wé“iu) of the Itk trang-

“verso stlffener of each redundancy x“'k =1 and xv'k = 1

"loadod only by the shears of the xth bay in the cmse of
floxurally stlff rings with constant croses section along
the eclrcumforence, anount to

. 2
" - e
? 48.1: E Ja'k ’

with
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g (Bav) 4——1:,“ a [.6 Bl(:"') B]f__") du + 1;']; $ Néu)név) d'u&,k]

B,k U I 3,k
J
(I _ _S_-JE) (186)
S,k ” Fg
.D\
where Bip), Bév) denote tho bending noments Néu). Ni /

the normal forces 1n the k*®  bulkhead ring produced by
the shoars in the k! bay due to X, =1 and X, = 1.

v
The coofficient néui ) depends besides on the type and
?
nagnlitude of the redundancies, only on tke geometrlc shape
of tho Ktk bullkthead, the position of its neutral axis,

and the stringer center of zrevity. The coefficlent var-
1oa little with the cross-sectional shapo and is give% in
soction V for several simple sholl shapes. If the k

bulkhoad is loaded only by the shears of the kPB and the

(k + 1)th beys or only by the shears of tho (x + 1)th
bay, the coofficients are, respectively?

a 8,8
£ w{bP) ana g fbp?)
Q141 ’ 8x+1 ’

1
since the shears in the two bays are proportional to EE

and .
8+l

From these soparete vortions tho total dlsplacoment

coefficients Sifﬁv) of the redundancles at the kth

transverse stiffener may be expressed in the form:

(s,v) (B,v) (w,v) (p,v) (p,v)
Sk~ ["L,k + wL,k+1] + [“B,k + wB,k+1]

’ a 8

Ek:l) ey ( _EE_) (byv) 3+ w(w,v)
+ {( By wé,i—l + (1 + ame1) "STE wabpid (17a)
In the longltudinal direction the redundancles X y

th :
at the k bulkhead are combined wlith those of the
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(k - l)th and (k + 1)th bulkheads, respectively,

"“txﬁ;k_l and” Xﬁ’i4i)' through suporposition of the atress

distributions in the kB and (k + 1)*® 1vaye to form the

(I.l,v) (I-I-. )
kel 228 8y pyy

the force groups at the difforent transverse stiffoners
are chosen unifornm there hold the syvmmotrical relations:

coefficients 8 respoctively. Since

(u.v)__a(v.u)= g{wiv) _ L (v,0)

by k=1 = Ok k-1 -1,k = "kel,k

and thoso *"mixed dlsplacement coefficlents" may bo ex—
Prossed in torms of the w values?

(b,v) 1 (B,v) _ ()

k,kel - 3 "L,k B,k

- [EEEL (1 + Egil wlb, V) 4 (1 +

={hv) &r+1) é?k”)] (17b)

Furthor, by superposltion of the stress distributions in

the (k = 1)¥® ana (x + 1)th tranavorso stiffoner thore

ariso tho mixed displacemeat coefficlonts skui and

Bé“iz) rospectively, for which corresponding symmetrical
relatlons hold and which may be expressed in terms of tho
Vg values::

a
si“k”g f;l é“ﬂ”i (17¢)

In a similar manner are to be determined the coeffl-
clents of the redundancies by superimposing their -unit
states upon the stresses due to the external loading in
the bay or substitute principal system according to (10).
By the loading of the ghell at the end stiffener O wilth
the characteristic force groups X, ,, Xg ,00 *o+9 Xno3 o

of the form of static redundancies, only the redundancies
at tho first and second transverse stiffencorsg are affocted.
v v
The load coefflcilonts Bgu )- ()
) 2,0
X

B, xu,a due to a characteristic force group xu,o = 1

of the redundancilos
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are therefore: .

1 4 = — 4 - [ ] E’.—. ( )
6£?OU) 2 £u1U) "§H1V) [ éﬂou) * (1 ¥ ;> s?1u ]-

(IJ-. v) -%1 (H. 'D)
2,0 5 "s.1 (18)

whore (“6v) 1s to be formed from the stresses of the

end bulkhead O Dby the shoars of the first bay due to

X =1 and X = 1, For an arbltrary force group X,
b, 1 v, 1

at the transverse wall O, and which according to (2) is
split up in the form:
n-3
X, = X c, X
o T,2, %v %v,o0
the load cooffliclents of the rodundencies X, , and X, g
amount to

(u) n-s (), _(w) nza (Byv)
1 o vﬁ: v’ 61,0 ’ 62,0 “pE, Cv 8B,o

(19)

In nure torsion by the nmonents M at the bulkhends
end accordlng to the elemontary theory applied distribu-
tively, there follow? ?ccording to (?7) and (13) for the

i

load coefflcionts & of the redundancies X :
k,o M,k

s(w) o0 § 2Py (w) _ Tiel opomer1 By (w)

g b . s

k,o 2F J=1 84,k ¢ "j,x 2F J=1 B4, kc+1 G J 41
(20)

If the torsional mononts are not applied distridbutlve=-
ly, occording to the elementary theory, there are stlll to
be cdded the displacomont coefficlents due to tho strosses
in tho tronsvorse walls.

In tho sane nmanner in the case of berding by trans-
verso forcos, the load coefficients nmay, with the ald of
formulas (11), (13), and (16), be built up from the indi-
viduoal contributions of stringers, sheot, and bulkheads.
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3. Blasticity Equations ond Solution in the General Caas

Aftor the conputatlon of the virtial work coefficlents
the nmognitudes of the redundencli es are determined from the
elasticity equations which express the conditions that the
deformations of neighboring bays at the common bulkhead
should agree. For arblitrary charaoteristic foirce groups
as redundancles these equatlons have the Fforn:

m-3 . : ) \
- > 8“""1?) xD,l:-E 3 5(“"’) x_\’,k-l -+ 81(:?1':1,) x'l’,k o+

vZ1 Vk, k2 I, k=l
(1,v) () () _
F B kel To kel * 8y o x”-k+2> * b =0 (21)

k=1l2’ sms ey n « 1 a,nd ns |-L=1'2, esee m—3
with the boundary values:

Tn,=1 = Xy,0 = 0 and Xu,n = Xy,n+1 = O3
ard Xy ne1 = Xy nea = 0

for a freely deformable end stlffener and end stiffener re-
stralned against deformation, respectively.

The system of equatlons therefore breaks up, as shown
in filgure 7, for n = 6 and m = 5, into partial ayatems
of flve members each and which are formed in the direction
of the principal diagonal from the digpleacement coeffi-
clents of uniform longitudinal force groups, while the re-
malning partial systems-are composed of the mixed displace-
ment coefficlents of nonuniform force groups. .- If the force
groups are orthogonal to one another, these "mixod" partial
systemg vanish., The values of the uniform redundancias in
the longitudinal direction are then obtained from independ-
ent S~member partial systems which only contain uniform
redundancies (principal equations). TFor the solution of -
these 5<member olasticity equatlions -~ which 4n the case of
rigld tronsverse stiffener walls are 3-member equatliong -
Thore haove been developed in static -structure computations
a number of sultable methods, so that 1t 1s not necesscry
to go into the matter any further. (See among othors, the
works clted: in reference 9.) PFor regular systems the so-
lutions may bo given in finite form as has beon dono in
sectlon IV, for equal panels.
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If the redundant force groups are not orthogonal to
one anothor, 1t is generally possible to obtain the con-
ditlon that the mixed coefflcients of nonuniform groups
be small compared to the coefficlents of the princlpal
equationsg. For more accurate computations these approxie.
mate solutions are lmproved step by step by substituting
the values in the mixed partial systems and thus odtalning
modlfled load members, for which the principal equations
are agailn solved. Thilg iteration process is nost convon-
lently carrlod through in "gingle steps" - i,e., the new
approxinate values of o group aro uged directly to 1lnprove
tho noxt group. Tho process then always convorges for
elasticity oquations (roference 10),

Aftor tho detormination of the rodundancles, the fl-
nal force dlgtribution nay imnedlately be obtained by
superimposing upon the load condition in the principal
systen the corresponding nultiples of the unlt states of
the redundancles.

If Pio) ig the force due to tho external loading
in the pri éfpal systen, the force Py . in tho jth
stringer at the kth  bulkhoad is:

n-3

_ plo) ()
= PJ?k + T p\H) x (22)

P
=1 J l-i.k

Jrk

For tho shear flow tj,k in tho Jth panel of the Kbl
bay, thore is obtalned: l
(0) 4 2 &)
= ¢{o B -
b0 = itk tie (Fux < Fugken) (23)
vhere tgoi is the value in tho-principal systom, Corre-
?

gpondingly there is found the stress of the k'2 bulke
heed from the redundanciles xu'k_l, xp'k, and xu'k+1. The

bendlng nmoment, for example, 1n the k1 bulkhoad ring is:

T D3
= p{o) () ( _EE_)

a
- k xu'k+1] (24)
k+1
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where B£°) 1s the wvalue in the prinecipal systen, 3£“)

""I¥ the "value due to--the-shears-of the ibB bay as a result

Of x“'k = 1-
4, BExtenglion of the Shell Nodel

If the transverse estiffeoners are not attached to the
skin but only fastened to the inner edges of the stringers,
as la often the case with monocoque fuselages,, the shell
nodel thus far considered cannot be applied without modifi-
cation, A transfer of the shears in the form of tangen=
ti1al loads to the bulkheads is then possidble to a limited
extent only, on account of the weak attachment. In order
to take thls effect into account, the limiting condition
1s consldered where no tangentlal forces at all can be
tranemitted from the shest to the transverse stiffeners, so
that there is a steady transition of the shear at the
stlffoners. 4 state of equilibrium in the case of varladle
longitudinal streosses 1s possible orly through the setting
up in the skin of peripvheral stresses Oy which corro-

spond to the variadble longltudinal shear stresses. In the
case of curved sheet with small bendling stiffness of 1ts
own, the radianl componcnts of those periphernl stresses
nust be transmlttod to the stringors which, as a result of
thelr flexural stiffness, retransmlt these forces to the
transvorse stiffeners. For the sake of simpliclty, let
this radial load of the transverse stiffeners be assumed
a8 contlinuously distributed over the voriphery as is ap-
rroxinntely the case for closely svaced stringers. -

We conslder first tho loading of the k*®  bulkhoad
for arbltrary axial shear distributiom (fig. 8a). TFor the
perivheral force P, =8 oﬁ. there 1s obtalned from the

. ’ ‘- Op ot
equilibrium equati —~3 4+ — = 0:
q _ equatlion 3 3= p

u
- at du
Dy = ‘ 3x
Yo

where _ué is o posltion at which the peripheral stress
vanighes. The radial component q per unit of area at a
Posltion with rndius of curvature r 4s then (fig. 8b):
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At the treonsverse stliffeners themselves hlnge connection
i1s assunod at the stringers. The rodial forece R du ovor
an olonent, du whlch acts on the transvorse stlffener as
a "reaction force! may then bo determinod from the momont
conditions. For the kbtR DBulkhead, as a result of the

shear in the kP2 bay (fig. 8¢, x is computed from the
left bulkhead in each bay), thore is obtained:

Interchanging the order of integration and integrating by
parts with rospect to =x, there 1s obtalned:

e 2k

o -9 (25)
whore t(k)' is tho shear flow at the kth bulkhead and

a

k
= L
bt = g t dx
o

1s tho mean value of thc shear flow in the kPR bay. The

¥t®  puixhoad 1s further loaded by the shears of the
(k + 1)%®  bay, TFor the radial force Br,+1 ot positlon

u, thore ls obtalned according to a computation sinilar
to tho above:

v By
o —T ot -
B bl < E T L/“[U/ (ae1 = *) 55 d‘] du =
: U © S
u
%f[- bre) * bep o OB (25)



Lo B L L L

FHeAsC.A. Technical Homorandum No. 866 23

The total radial load of the kU? bulkhead per unit cir-

""numforential distance 1s tharefora. .

B = B x + By gy = j/,[tk+1 - t,*] du (27)

If no tangentianl losds can bBe transmitted, tho radlal.load
therefore dopends only on the moan integrated wvalues of the
shears in the neighboring bays.

To compute the system, the "simple shear fleld scheme"
accordinz to section II, 1, 1isa used as a starting bansis.
The 1ong1tud1nal atiffnessea of gkin and stringors are
combined and in place of the variable shear in the longl-
tudinal direction, there is taken the mean integral value
within each bay and the corresponding linear force disgtri-
bution 1In the stringers. In the statlcally indeterminate
computatlon for the redundant axial force groups, there
are neglected at each transverse stiffener wall the dis-
Placement contridutions of the skin due to the peripheral
gatresses, and thelr effect 1s taken into account only
through the varled loading of the tranaverse stliffeners
with radlnl forces according to (27). There aro then ob-
talned othor displacement coofficients wéuiv) than for

1
the case of tongentlal loadings The dlfforenco depends,
howovor, as will be shown by an oxample in eection V, 1,
only on the excentric position of skin bulkheads. Silnce
no abrupt dlscontinuity of the shear can occur at the
transversoc wolls, the computed "stepped" curvo of tho mean
shear flows in tho longltudinal direction muat be smoothed
out by o mntinuous curve in such a nanner that the mean
value within the bays romains tho same. (See fig. 8a.)
Similarly the stringor forces which are obtained by the
statically indeterminate computation: at the transverse
stiffonor walls tust be Jolned by a corrosponding continu-
ous ourvos It 1g poseidble, howevor, to consgidor tho atlff-
noass of the bulkhends as distributed over the shell length
through the flexural stiffness of the longitudinal stiff-
energ and in the solutiona for tho redundancles pass to
tho 1inlt of bulkhoeads.spaced infinltely close. Thoero is
thon obtained directly for tho stringer forces a continu- .
ous axlal distribution., For the case of loading of a vory
long shell composed of gqual panels by means of characteris-
tic force groups at an end bulkhead, these solutions are
glven in IV, 2, in the table of formulas 3. From the shear
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dlstribution the peripheral forces in the skin may be de-
termiﬂed a8 has been done ¥n the work of E., Schapltz and

G. Erunling, cited in reference 1, startinz from the experi-
nentally determined longlitudinal stresses.

IV. SIMPLIFICATIONS FOR THE CASE OF EQUAL PANELS

1. Displacenent Coefficients and Elasticity Equations

Of the simplifications of the statlicelly indeterninate
conputation with uniforn dimensions over the shell length,
the cese of goometrically ard struttumlly equal panels will’
be considered. Systems of gtepped dinenslions may be ap-
proxlnated to the above case 1f the panel dimenslons 1n the
neighborhood of disturbance positions {cut-outs, deforma-
tion restraints) are useod as a basis for tho computation,.

In tho notation the subscript k 1g dropped; tho equaw
tlons for the stress distridbutions have the samo formg =-
the w values according to (12), (14), (15), from which
the displaconent coefficlents are formed belng the sano
for =11 k's. §t is conv?niegt for the conput?tio% to

v v

broak up vy, e and V3 W ¥ as woll as Vg Fe in
(15) into a coefficiont k(#s¥)  and & factor w which
depends only on tho system dimensions. In additlon, we
wrltos

wlWo¥) = & (ww) . L(Bv) | 1 K]gu-.V) w

L al L L' B al B
(w,v) o L (u,v)
wgt = 1o E k3" wg (28)
with we - L. w, - 9. w, - Egi
Il = B' B = (_}, S" S = aJs
B
* * -
(s = p nean gkin thickness, G.Ze¢,8% = 5 J§1 stJ) (29)

Thon, according to (12) and (14):
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a? o(w) p(v)
% I N I

-4 J=1.F e el

v b
¥ g ovtatned

For flexurally stiff bulkhead rings
fron (16) os: '

Ks(p.,'l?)= %[ﬁ B(“) :B('D) a.u-s-_'_ 188 $ N(“) N(\’) dus] (308)

kth panel

(t;“) and tg”) are the shear flows in the
= L

due to X

1 and xv K = l, respcotively:
N(u-)

B,k
v v
and B( ). N( ) are the bending noment and normal

forcos 1n the kth bulkheed due to these shoars.)

Tho redundancies at the kbR bulkhead are similarly
conbinod with thoso lylng to the right and to the left:

() (B,) (B,v) (B,v)
K, k1 = Ok k1’ Ck,kv2 = Ok k-2

According to (17a,b,e), the displacomont coofficlonte using
the abovo notqtion aro? .

(10) _ qlBew) (,v) 3 (b)) o )
a B sk,k = anL w + 2‘3 w:B +_2 ns ms

(bov) _ o (wew). o (ww) o Leev)

E
Bt = %y, Yy = s 3~ s S S (31)
(H.V) 1 (“9“)
B =
e z ks Wg

) .- .
Similarly simple eipressions are obtalned for the load co-
efficlents. In applying the force groups xu.o =1 of
the form of redundancies at the bulkhead 0O, they may be

expressed in terms of the displacoment coefflclents of the
redundancles since
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6(u-.v) _ (wyw) . (Bo¥)  (B,v) g(u,v) i32)
i,0 8k,k—1 k, k=2’ 6e,o T Tk, ke?

if the end bulkheads have the .same elastlclty as the inters
mediate stiffeners. If the end bulkheads O and n, on the
contrary, are very stiff compared to the intormediate bulke
hoads (rigid in the linmiting case), then the load coeffi-
clents are: : -

(B, 9)  (e,®) | (wew) (Bew) (w,D)
1,0 = Sik1 t %y pod 820 T Bk kw2 (33)

In thls case the following displacement coefficlents of the
redundencles also change?

(k,0) (1,v) (u,v) (1)

61,1 - 6n-1,n-'1 = sk,k = 6k.k-2 (24)

The load eoefflclents for the momont coefflclents Mk
1y
at the bulkheads are according to (20), since td o+l =
 J
% R (S
J.k J -

: ()
() _ Y 3 by (aty
8k.o T oF Jél sy G (35)

With beys of equal dimensions therefore, the load coeffi-
clents of the redundancies yanish at the unloadecd trans-
vorsc stiffener walls. The samo holds true for the bond-
ing under transverse forcesg, '

The elasticlty equations (21) may under these simpli
fications be congidered as & simultaneous system of (m - 3)
linear dlfference equations of the fourth order with con-
stant coefflclernts whose solutions can be obtalned wlthout
too much computation work in simple cases. (See reference
11,) In the case of orthogonal charactoristic force groups
(or force groups which affect one another to a negligible
extont), this system breaks up into (m - 2) 4independent
difference equations of the fourth order of the form:

X +
5k,kh-2 k=2 8k,k--l x]:--l * 6k,k xk *

8k kbl Tiwl * Ok k2 L2 = < 8,0 (36)
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where the shorter notation: X.» 8y 3 otc., has been wriltw
1
‘ten'for“‘xulﬁl'ﬁ‘“'“)--etc. - PThe solutlong of -thege differ-
’ k,k : .
‘'ence equatlons must, on account of the incomploteness of

the first and last olastlclty oquations (seo fig., 7) satis-
fy certain boundary cmnditions. .

The obtalning of solutions in finite form is possidble
for a froo bay system = i,e., for o shell with nonrestrained
ond bulkhoads. In tho case of an end bulkhead n ro=
stroinoed againet doformation, the rodundancios X, at the

fixed ond are detorminod, using the froe bay systom os &
staticall% %ndotorminato principal system. If in the freo
o

system X, are the redundnncles dus to the exteranal

(n . '
loand, xk ) the redundancles due to xh =1, the finel so=-

lutlions are of the form:

X = xéo) + X, xén)
From the lnst elasticity equation, there then follows:

(o) (o)

8n,n-—2 xn~2 + 6n.n-l xn-l + 6n,o

T= - @) @) . . (7)
8n,:m.-E xn:.? + 6::1,:1--1 x.'nfl + Bn,n

The magnitude of the longltudinal forces at the fixed -
end restrained againegt deformation (fig. 1b) must be de-
termined, for example, by a st?tscally indetermipnate com-
putetlion. The redundancies xk° are generally negliglbly

small in the case of uniform structure of the closed shell.

The redundancilocs xin arc computod according to tho moth-

od givon for the application of longitudinal forces. The
rodundanclcs X, at the restrninod end can thon be deter-
minod cccording to (37)., ZFrom n knowlodgo of the foreo
dlstridbution on the application of concentrated forcos,
tho nnin deviations from tho olementary stross conditions
can thoroforo be determined, and for this reason this lond-
ing condlitlon will be considerod in detail,
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-

2, Solutlons in Finite Farm of tho Differcnco Egquations

To solve the olasticity oquations (36) considered as
symnetrical difference equations for uniform force groupss:

(k = 1.2,0-..-.. n - 1)

1c 1o 8 8
wlth 2Y = Kak=l, op . Zk.k . = —K.Q (39)
I, kw2 I, o2 81, kw2

we start with the general solution of the homogeneous equa-
tion (M} = O0). An exponertial substitution leads to a

characteristic equation of the fourth degree. Usling hyper-
bolle and circular functlons, respectlively, there 1s ob-
tained the followlng result: -

The general solution of the homogeneous equation-is
composed of four independent particular solutiong whose
form devonds on the value D = 3iﬁvi—ll. The case occur-

ring most in practice, namely, Y < thigbassumed: for
Y >0, the goeneral solutions are to b multiplied by

("‘1 )k L

¥ar D > 1, +the solution of the homogeneous squation

1a: -
X, = 01 cosh k ¢ cos k X + Ca cosh k ¥ sin k X
- v
4 Oz sinh ¥ ¥ coo ¥ X + Oq4 sinh k ¥ sin k X (40)

1
The arguments V¥ and X satlsfy the Bgund%ry/gonﬁiﬁigﬁsf

I Y
cosh ¥V cos X = \%\: sinh V¥ gin X = 1§|“/D -1 (41)
whenco follows? ST RUN T et

\V:lcouh"l (A + B) L =B=1 -, O

A%

with
=1 -1 - = /(B+x1Y . ¥

X =3 (cos™*) (4 - B) B = J/( 5 ) Y (42)

(a=1)?
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(0f the multiple-valued inverse trigonometrié funectlons,

.only the positive principal wvalues are taken.)

If D< 1, then in place of the clrcular functilons,
there occur the corresponding hyperbollc functions:

X = C; cosh k ¥ cosh k p + Og cosh k ¥ sinh k p
+ Oy sinh k ¥ cosh k p + O, sinh k ¥ sinh k p (40!)

with
'Y —
cosh ¥ cogh p = I% s ginh ¥ ginh p = |51 J1 =D (411)
YV = % cosh~! (A + B); p = % cosh™ ' (A - B) (4271)

(A and B as in (42))

For D = 1 (double root of tho characteristic equation)
X ond p, respectively, are eguasl to zero, and

. Y
¥ = % cogh~! (A + B) = coph™!? ‘E

In addition to cosh ¥ ¥V .and sinh kX ¥, k cosh k ¥ and

k slnh k ¥V are also solutions, so that the general soluw
tion of ‘the homogenoous equatior iag:

Xy = 0y cosh k¥ + Oz k cosh k ¥V + Oz sinh k V¥ +
+ Cs4 k sinh k ¥ . ' (40%)

[ e - \.

Tho complete solution of the differonce squation 1s
then made up of the solution of the homogeneous equation
with four arbitrary constants and an arbitrary particular
solution of the nonhomogoneous equation, In the case of a
system wifh unrestralned end, the followilng boundary con-
ditions must, on gecount -of the incompleteness of both
the flrst and I?Bt elagtliclty equatlions, be satisfled:

g =-0; Xiy =05y Xp = 03 xn+1 =0 (43)

There are thus obtained four linsar equations for the cone
stents C,, Cg, Cs, Co in the general golution, and after

these have been computed the uolution of the elasticlty
equations 1g obtained in finite form.
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dgs on example, we consider the case of constant load
coefficlents M = TN = consctant, as 1s the ¢éase 1n loedling
the cylirdrical ghell with constant moments at all trenge
vorsgso stiffeners and where thore 1s no rostralnt on the
doformation of the ond sections. Further, let Y ©bec as-
sunod as <€ O and D ~> 1, ,A particular solution of tho
nonhomogeneous differenco oguotion 1lsa:

- . 1
Tt = 2 + 4Y + 28

to which must be added the solutlion (40). After determin-
ing the constants C from tae boundery conditions (43)
(this fornal computation is omitted), there is obtaimed
the solution:?

I, =X .* - ;%i [{ainh (k + 1) V gin (n =k + 1) X
- ginh ¥ ¥ sin (n = k) xl .

+ {sin (k+tl) X sinh (n-k+l) ¥ = sin k i sinh (n-k)W}]
where N* = ginh (n+l) V¥ sin X + sin (n+l) X sianh V¥

(For D < 1 the hyperbolic functions are to be substituted
everywhere for the circular functlons with the argument p
in place. of X, while for D = 1, the functlonal asymbol
sln and the argument X are to dbe dropped.)

Tho setting up of a solution of this type ls possible
for furthcer sinmplo loading conditions and it 1le also possi-
ble to trko into account mrodified dimenslons of the end
bulkhonds by corrosponding end condltions. Since the gon-
ercl formulas oroc not vory expliclt, howover, 1t is bottor
in ony i1ndividual ceso to use a nuncricel mothod, or in
the caso of o fow oquations, to solve diroctly by the wollw
known olinminction or itoration method. For the limiting
case of rigld bulkhoads, solution fornulas havo beon set
up for o sorlos of load conditions 1n the worlk cilted under
reference 6,

In apnlyling indevondent force groups of the form of
statlc rodundancios at the bulkhead O, the load coefflw
clentsg differont from zoro of tho first and second equa=
tions mey bo detorminod by the boundary conditions and
simple solutlions in finite form may be obtalncd. Accord-
ing to formulas (32), (33), (74), wo must have
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Xog =13 X4 =1; X, =0; Xp4q =0 (4¢)
for the case of elastle end bulkheads, and
Xo =13 X3 + X470 =25 Xy =05 Xpoq + Xpyy =0 (45)

for the caso of rigld ond bulkheads.

By meana of these conditlons, the four arblitrary con-
stents O 1n the goneral solution of the homogenceous
equationr nro detoermined. Tho final results are presontod.
in tho tablo of formulas 1. The solutlions for all cases
nay be exproessed in a goneral form through auxllipsry func-
tions €, ond tho condltions X, = 13 X, =0 mnmey bo in-

modiatoly verirfied.

In the table of formulas 1, thero are glven in addl-
tion the solutions for the linliting case of rigld bulk-
heand walla. The differonce equation then roads:

Xy + 2a X + Zpyy = 0 (48)
8
with 2q = F—k_!l‘— and tho end velues X, =1, X, = O.
k'k-l

Tor |m|1# 1, the equation has the general solution
X = (#1)¥ [0, cosh k ® + O sinh k 0]
(upper sign if a < 0) with the argument
@ = cogh™? |m| (47)
For ,m, = 1 +the solutlon 19;_ ' '

X, = @1E [0 + G k]

There are thus obtained for the above boundary values the
solutionsa:

nh (n - k)@
ginh n @

X, = (tl)k sl

and (£1)k (1 - i}' k)
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upper sigp (fy<0 or o <0
lower sign ify>00r a=0

Form af SO/Uflon X, =(* 7)" ——-—-———_gkg% gi” kdn_

Case | In /ermeo’/ofe bu/k/;eao’s elastic, end bulkheads:
7 elastic- = - rrgid
D>17 g - sm(/r*l),z'smb(ml-/r)v i = Sinlk+ 1)y sih(n+1-k)y '
(A-B<1) FSinky 5m/; (n- k)v 725in ky sinh(n-kly +sinfk-1) xsmb p-tk)y |
D-1 | g (k1) sinb(net- /f)v Gom (k+1) sinh(n+1-K)y
(A‘_B_'f) F K Sk (/7 k)v 72k Sk (n-kly+ (k-1)5ihin-1-K)y-
D<1. g,,-.sinﬁ(k*l)qs_/nb(nw'i—/f)y- gg.—.‘si.nﬁ(/ﬁf)p sinh(n+1-k)y |
(A-8>1) | = sink k¢ Sinh (n-k)y #2sinkhkp sinh(n —k)1,//+;/nh(k-/)p5/hb(ﬂ-/-k)y' |

(imiting case afriyliy’é;//z(’/)eads :G =stnh(n-k)p forfoc/ # 7; Gx=n-k for Je| = |

Table I.- Solutions of elasticity equations for applied characteristic
force group X,=1 for shells of finite length® (end bulkhead
freely deformable).

Case Intermediafe bulkheads, e/astic, end bulkheads:
a elastic rigid
A-B <1 | Xe=(21)"e*¥feosky+ —055,%9—" sinky] | X, =(fi)*e""[coskl+%-sfnkzj
-k _ - ) - shy £ [
A-B -1 | K= (t1)e “'[l+(7+e Y)h Xem(21)"e™ 14522 o K] |
A-B > 1 Xo= (% 7) e V[E. a/*?c;;:;',*e s/n/'zkp] Xk- {t/)*e4ky"cay’?'kp+ s—i%%’%& n/.‘)}f?]

Limiting case of r/'g/b’ 6U/A'/7e¢7ds- . ( Wy =0) : Xe= (1 )ke'k’

Upper S/gn lid ;\',w, ZwaL Xy ; - Lower 5/9r [T s, <2 X0,y

C‘onsfon 7s.

Y= -g--orc cosh(A+B)
/4 - 8waL +2’zaw,+xsw;."' :
Xs Ws

- ?7- arccos (A-8)

e -w— V JKLwL(waL+x,%+xS ) i P grzl..:arccosh(A -B).

fotf=

Xaws + 4,0, / B Y-

‘21‘ gre coshaf
Xgwy = 22 Wy . :

Table 1I- Solutions of _O’hit_ici'ty equations for applied characteristic:
force group X,=1 for infinitely long shells,
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Case Infermed/afe bu//rhc’ads efastic, end bulkheads:
- elastic r/g/d
A-B<0 | Xo-e [cos,z; + y S/nzx] X(x) - éfi’ﬁbs,‘t;}r A %——“,,?)sm Tx]
A-B-0 X(X) e'[fv‘—-y'x]
A-B>0 X(X}' Y feoshpx +-2~(1+4°-}5m/;9x]
Limiting case of ng/d bulkhieads Xx)=e 2
Copsfants Jr; wa _ _ ——
A= Xy G5 ¥ = JA+B
_ % e L VF T
B = —x—.s_@‘; 1 } B A
. — Ur* — = 5
xt'lews' I (= 26‘).1) f - A-B
{ — A
Is' E ‘75 ‘/ = Z xx

TablelIl- Distribution of force group X(0)=21 for infinitely long
shell with bulkheads lying infinitely close.

W - a.):l- = U . _ufz »,_ A r S
ofues R A “s 3;5 I L Wy = a Je / 47= "3 )
%;}’u.es Arbifrary doubly symmet- Circulor cross secfiornr wrth
rical cross section. uniform stringer Spacing
a? V- b v = 35 /141
S X % il 2 37'*»3
L . |
>< 44 : 2
= : 3681
L __,(_,7) s [n; 5 |%sT /?S[z"a”* 81822 (35+ 5%
v
- -2
QD aﬁ [9{424%4,: Wt ] 55570.2 As| 70
—
2 a2 2 1, 3-202"
. X= 2 +( ‘."F .= (F F))XB 8 4 4, /-
o T E -wf»,wn-m - T L Cee e
it ;
e - 2022, 1
>0§. Hy= g 2 4 ‘zf'( ) H:=25[962136 + 574391 AL(J__;_f—,-f,—
« . s
2 . - ‘7
| § pr %[fﬁydgﬂg,‘g}{ﬂy a/‘_,{] 703,0099 3, A |- 70 i
. .

TablelV. - D'i'splacement '.f.actor.l for six-stringer lhelis' of equal bays.
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The solution formulas simplify conslderably for the
-limlting case of infinite shell length —» 1.,e., 1n—>> for
constant finlte bulkhead spacing a. The results for this
linlting condition are presented in the table of formulas
2. These solutions may be applied to shells of finlte
lengths greater than their perimeters, without apprecilabdle
error, as is shown with the aid of examples in mectlon VI,
1 below. The solution becomes partiaularly slmple for the
liniting caso of rigid bulkheads. If in «, B, Y, the 8
values gre expressed in terms of the K and w values )
correenonding to (Z1), these coefficlents need not be fur-
ther specilelly determined « the constant values of the
solution formulas beilng computed directly from the Kk and
W wvalues, as indicated in the table of formulas 2. The
arguments V¥,X are taken from tables of functions? with
the natural numbers as argument. The condition

> <
D—<—-1 and A.-:B—>—l

18 equivalent to
> 2
12 (kg wy) (kg wg) - (2ky, wy = kg wy)

and tho condition Y —Z- 0, saccording to which the sign

in the solution formulas 1s determined becomes, in terns
of the K and w wvalues:

<.
kg Wg —5— 2K; Wy — Kp Wy

For some slimple shell shapes the Kk and ® values are
glven 1In table of formulas 4.

"A further liniting case of importance is that of in-
finltely close bulkhead spacing for which the total trans-
verse stlffnese of the system 1ls assumed to remain un-
changeds [f the bulkheads, for exanmple, are rings with
the bendlng stiffness EJg, the bendlng stiffness Xlg =

a BJg Dper unit length in the axlal direction is to remain
constant The difference equation ‘'then goes over into a

corresponding differential equation, the independent force
gfoup X becoming a continuous funection X(x) of the

axial coordinpnte x measured from the loading side. Agaln

7For exanple, the tables of circular and hyperbolic func-
tion of K. Hayashi, or "Hutte," vol. I.
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we omlt the computatlional detalls of passing to the limit
_99? present the final solutlions in the table of formulas 3.

The case .corresponding to ¥ > 0 drops out, the cases
A-3—3 0 corregpond to D —E; 1, the arguments are de-

ternined by square-~root expressions, and in place: of the
K and w values there enter corresponding ¥ and ©
values which no longer contaln the bulkhead spacing a.

If the shear deformations are neglected (kg wgy = 0),

then V = X, ' and the solutions are: )

I(z) = e-Wx (cos ¥ x + ein V¥ x)

for elastic end bulkhead, and

I(x) = e-wxcoa ;F X
for rigld end bulkhead, with
- 4 =
V./ "%
ks Wg

They have the same form as the funection fg(x) for the

slmple disturbance loads in the work of Wagner and Simon,
mentloned in reference 3. The argument values llkowlse
agree for corresponding estrese distribdbution, as may be
shown by the exanple of a box beam of sides b and c and of
constent wall thickness s. From the work clited under

.reference 7 (pp. 76-77), there is obtalned for equal pan-
els: .

) 2a8 1% e¢2 (b + o)
[ = e K
L YL s (b + c)’ S Wg = 24a Jg

so that .
- 6 . 2 o2 (b + ¢)
Kp = e s K Wg =
L7 a(b+c) 878 24 Ig

Weo thon hgves

-\F=8ﬁb+°‘—-{§? 13+ 856 2, 2 yaA
Vb es s T o d/ﬂi s U®
. [+]
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in agreenont with the corresponding w, value, according
to table 2 of reference 3. o '

Vs CONSIDERATION OF SEVERAL INPORTANT SYSTENS

For several simple shell shav»es with few stringers
and whose cross gectlions are symmetrical about two perpen.
diam lar axes, there will be computed the stresses and dls-
placenment values. The transverse stiffemners are taken to
be floxurally stiff rings of constant section over the en-
tire circumferonce and with radll of gyration small con-
pared to the diametors. Shells whoso cross soctions devi-
ato littlo from the condition of double symmetry (mono-
coque fusolagos) may be treated in approximately the same
nonner as theso simple systems, '

1, Four-Stringer Sholls

The slmplest statlically indeterminate shape of shell
ls the 4—stringer system with intermedlate transverse
stiffeners. The stringers are assumed not to lle on the
axls of symmetry. As redundanclies, there are set up at
each lntermediate transverse stiffener k and at the end
restraint, a force group X, esymmetrical wilth respect ta
the center and denoted briefly as a "convexing force group.”
The unit state X = 1 1is shown in figure 9, and the re-

actions of the constant shear flows %3 and %3 on

stringers and rings, which for the present are as%Emed to
be ctteched to the skin, are indlcated for the k bay..

In the stringere according to .(3) are set up axial
forces whlch drop off linearly from 1 to O, and for the
shear flows thore is obtalned according to (4) -and (5)3

e, . ot _ % ., __.1 £ )
N A ey I, + Xy

. (48)
g = & =
ot Byy Fa + Eg 2l e, B+ T y

Phe stresses of the flexurally stlff, threefold stat~
ically indeterminate bulkhead rings (On the computation of
bulkhead rinzs, see among others, reference 12) may in the




LsAeC.A., Technical Hcemorandum No. 866 37

case hero considerod of donble symme try and loading symmet-
riegl. cbout the_center, be obtained without staotically inde-
torminnte computationa, gsince at tho four dlamotral points
on tho axos tho bending nonents and the ‘normal forcoes van-—
1gh and tao transvoree forcos and Qg at these polnts
are obtained from tho equilibrium conditlions. Lot us. con-

sidor tho kbh ring undor tangential loadlng by tho shears
of the k'® ooy (filg. 9b). Substituting from (48), we havo:

r

= X (.L .- B

Y s My I+ Ea (29)
Q = - Tz (Ei - ___EA__
2,k " ap \ry ¥, + E,

With the aid of the atove equations, the dletributlon
of the bending momonts, and the normal and the traansverse
forcos ovor the entire ring may roadily be obtalnel. Tho
bonding ionont By, for oxamplo, at a polnt ys.k. Zs,k

of the noutral axis of the ring soctlon is:

t
)
1

Qr,k %5,k - t1,x (2f1) 1n poriphoral range D,
(50)
= - Qz,k ¥s,x * tE,k (2fg) 1in poripheral range bg

(Bending nomont poaitiye 1f the extreme outer ring fibers
are under prcssure.) 2 and f4 are the hatched areas
indicatod 1n figure 9b, The ring seotlon may be diffsront
for oach bulkhead, and hence also the coordinates Ys,k'

Eg Jk of the neutral exls, The coordinates y,, %z of the

strin*er center of gravity are agssumed constant over the
entlre shell length. -. The -ktl ©tmlkhead is in‘s similar

menner loaded by the shears of the .(k + 1)#? panels it 1is
only aecesgary to substltute ap.y; for ajp.

If the shell cross sectlon is an ellipse: §y = Ty cos 4
| = T ein ®; ¥, = A1 Fy cos P35 B = Ay Ty sin @, the
coordinates of the stringor conters of gravity and the sbabo

of the noutral axis similar-to that of-the. cireumferenco
around tho -skini ¥s,k = As,k Ty €08 Q3§ 35 . =
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A3 x T5 sin @8 (where "ALs As;k " are abgolute numbers less

'than 1), thers 1s obtained, after a short computation for
the bending momentst
\

r,r -
Bk = _y;k’ F(}\L As ke cosg Ql) gin @ - (1 - __“_1, q)]
in peripheral range b
P b a e 1 ? (51)
r.r., [
B, = —EEZ (Mg Ag i sin P1) cos © - —= CE - ¢)]

in peripheral range Ddg

For a circular cylinder, @ and @, are the angles sub-
tended at the center (fig. 10),

T
= = pe SLk, b
Ty = Tg =T Ag =551 Ay =5
In thieg case the normal forces Hk may readlly be

obtalned:
r

By = o Ap cos @ ein @ for 0 S o = o,
(62)

X i

Ny = ;; A, sin ®, cos @ for 9, <o < 5

If the rings are not attached to the skin the same
"mean® ghoar stress dlgtribution of the extended shell
model 1is assumed according to (48), while the rings are
loaded by distributed radial forces. According to (27),
section III, 4, this loading R, of the kP® ring per
unit distance around the circumferengﬁ and resultin Erom
the circumfeorential forces in the and (k + 1§t
bayes due to Xy =1, 1s:

1 1
- = < <
a.k+ak+1)( 11)¢ for 0 ZoZ o
Rk=
s P Gg1/ W \B~ %) for 929253

sThia assumption holde true approximatoly for constant
ring sectlon, since the-neutral axis 1s displaced inward
for stronsg curvature. (See reference 13.)
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In the first and third quadrants, the radlal load is there- .
fore compreseslive while in the second and fourth gquadrants,
It s tonsilo. Hy 15 split up inte two parts proportional

to = an _l;__ The bending moments and normal forcee
ax 81+l

in the k'B bulkhead due to the contribution from the XkPB
bay are then:

N
a [
for 0= @ S.¢1 (53)
= [ 2¢1 T ] >
Bk = ;; (AL ‘Ag X sin @) cos @ - Ag x — (5 - ¢>-
™
for o, <@ <=3
1 - -2 )
2 A
By = Et [(AL cos ©,) sin @ = (1 - _ﬁi |
for 0S®= (54)
Hk:EE[(AL sincp,.) cog¢...___ __q,) ?
for P, £ O 5.'72"

7/

The bonding rioments differ from the values in the casc of
tangential loading according to (51) only througk the "ex-

r
centricity™ As,k = —%ﬁk, occurring as a factor of the

' second membor, and they arc therefore larger since
ls.k <1, The normal forces, however, are conslderably

smaller, as nay bo seen by comparison with (52).

The dlsplacement coefficients, corrqspondin to (l7a
?.c s are made up of the w values, defined in ?12). (14
15)s.

(55)

4 T\ 1 3L N 1
WB,k - 8, @ [b1 (11 + z.) ® _+ Pa \E, + Ia) B2,k (v8)
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The value of - Ks Jk according to (16) -for the case of

cross sectionsg of general shape, may be determined only by
numorical integrationr - for example, by the Simpaon rule.
For tho circular bulkhead the intograls may be explicltly
evaluated. In the case of tangentlal shear load with the
stressos according to (51) and (52), thore 1a obtained:

: ’ a (2 k
oMo [§ont @ o) o8 (h e B3
1
{¢1 cos® @, + CE - ¢1) sin® @, - T 8ln 2 ml}
~ AL As'k m sln 2@1 - 4Q, ('g‘ - @1)}] (57)

With radlsl loadling, however, when the rings are not at-—
tached to the gkin, we haves

a
1 S -5,k T
kg, = A Skn4<7‘5k+ >[ —2--q>1)
+ A2 D P, cos?® @ +(E- gin8 -lsinacp
I 5191 1 5 =~ P P =3 1

For the practical computation of these coefflcients,
there may be used the chart in figure 11, glving the aux-

1llary functions K (?,A) and ¥ (9,A)7 through which
Xg . and S X may be expressed in simple form. The de-
*

pendence on the angle ®; may, with good approximation,
be expresscd by the following formuls:

K5,k @) = 3 (1 = cos 4p;) Kg y (45°) (59)

where “S,k- according to (67) and (58), ragpectively, on
subgtituting the numerical values, 1s:

48
ks, (45°) = Ag [a.oezs + 3.6818 Ay’ (As'k + "f?!k)

- 5.5370 Ap As'k.‘ 10~2 ~ (e0)

% (p,A), for example, 1s the value of ks,k according to
is
(57) for Ap = Mg, = A and. —S+E =

. I




H,A.C.A: Technical Hemorandum.¥o. 866 21

for the -caso of tangential loading, and

- ~r . - woo- [ T -iar.--.. Vo= - A . . [P
' oy 8 - s 2

- 5.5370 Ag] 10™ % (61)
for the case of radlal loading,

Theso formulas for the “S,k veluos of the clrcecular

ring nmar be usod approximntely for other ring shapes.
For the "excontricities™ As,k and Ajp mean values aro

useds; for @, 1s substltuted the angle which dlvldos the

quadrent in the same ratlo as the stringer divides tke
eircumferential gquadrants of the actual shell (@, =
m_bs
2 by + bdg
mate mothod clear. For an olliptical ring with ratio of
axes 1 $ % and portions of circumforence b, = by =

g the ovaluation of kg ) according to the Sinpson rulo,
if the contribution of the normal forces 1s neglected,

glvessd

. A numerical exanple will make this approxi-

0.000797 for AI; = AS,k 0,95

K5,k = L

0.002173 for AL = AS‘,k

while tho corresponding valuos for a circular bulkhead
with o, = E' are 0,000808 and 0.002282, Tho error for
thiajnarrow ollipse thorofore amounts only to about 5 per-
cont.

If the panels have the sanc dimonslons axially, tho
subseript Xk 1g droppod in the formulas and the displaco-
ment coofficients are then given in the form (31) with

DSkt (D st ah (LY
K1, "._-;' RB:T(I]. +L)81+U 1.+Iﬂ R (62)

(8* = mean wall thickness)

and Ky ‘ sccording to (57) or (58).
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For the case of loading by a "convexing" force gioub .
X, at the ond bulkhead O, +the load coefficlents afo

forned according to (18) or (32), (33) from the dlsplace-
nent coefflcients of the redundancles. In the cas> of no-
ments ) dlstributively applied in the elementary nan-

ner, tho load coefficlents from (6), .(20), and (48) are:
.8 b by ¥ b, by F
Bk'o = e E"‘g’ [Tk ( 1_8 - 8 1') -8 Tk‘l’l ( 178 - Ll_.a')
z S1,k %2,k B8 %+l %2, k¢l
(63)

2, Six-Stringer Shells

By assuming additlional stringers at the dlametral
points of the vertlcal axls, we obtain a 6-stringer shell
(figs. 3 end 12), In addition to forece group 1, there are
two other types of redundancies, of which only the simple
syome trical force group Y (denoted in fig. 3 by 13’k)

is of lmportoncece. Thilas force group occurs, for examplo,
in bending about the z axlsg.

Flrure 12 ghows tho unit state Yk = 1. Thereo is

ageln a 11near1y decrensing forco distribution 1n the
stringers. On account of the symmetry about the y axis,
there follows diroctly from the equllidbrium at the stringer
O:

1 . - X
b1, 7 = B bl =t a3 (64)

and further, from (4):

bo =% EE; 7., ~ 1)' to i1 = - EE;:I (y: - 1) (65)

'The dotermination of the bulkhead stress requires in
this case a sinple, statically indeterninate computation.
For a cirecular cylindrical shell with uniforn stringer

spacling Qpl = E and with equnl distances of all string-

er centers of gravity from the center, this computation

has been carrled out elsewhere. (See reference 5, g. 464,)
The bendlng nonments and the normal forces in the bulk-—
head produced by the shears of the k¥R bay, are:
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B = aak[ i3 (1 -3 f) = M s (sta @ - 3 cos q°)]w

for 0 < o<

- . ) . - - 4 (66)
a
By = Eﬁ; [(VfE - 1) (% - m) - A Mg x % cos ¢]
' ) T << T
for I- ) =5 )
Hy Zay g (sin ) 5 cos ¢) for 0 o] =3 .
Nk”"'a_E;AL%OOBCP for %s@sg J

In a similar mannor may be computod tho stress condition
of rings not attached to the skin 1f radlal load according
to (27) 1s azsumed.

For tho displacement coofficients in the form (17a,b,
¢), the w <values for gtringers and shoot according to
(64), (65) are immedlatoly obtalneds

_ o )‘3
I,k T 3 [m TT k_, (68)
.
W i = S I S - 1) ] (69)
’ 81 81,k B2,k @ .

Tho value of Kg Jk in the case of genoral nhape of croés

sectlon must again be detormined by a numerical process.
For a circular ring and with uniform stringer spacing

le = E\, the value of Kg x may be computed on tho ba-
gis of formulas (66),.(67)s .

kS,k: = As'k [46.2136 + 57.4391 ALS (Ag,k + " "—""E)
~ 103.0099 Ap 7‘8,]:] 10~* (70)

As in the case of the "convexing" force group, this
valuo may also be used approximatoly for cross soctlons
which deviato from the cirmlar shape dut where the
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stringer spacing 1s about uniform. In loading the bdulk-
heads there are, in cormparison with the convexing force
group, twlce as nany zero positlions of the bendlng nonent.
The contribution of the rings to the displacenent coeffl-
clent thus becomes smaller as comnpared with the contridbu-
tions fron the strlngzers and shear shesta, The force dis-
tribution then depends very little on the stress or the
stiffness of the transverse stlffenar walls. As the folw-
lowlng nunerical exanples show, for shell shapes of such
dinensions as occur approxinately in nonocoque fuselages,
the stetlcally indeterninate computation for the sinply
synnotrical redundancies nay be carrled out approxlaantely
under the assunption of perfectly rigld transverse sgtiffen~
erg. Thus there is avolded the 1nconvenient conputation
of the bulkhead coefficlents and a corresponding slnplifi.-
cation 1s galned in the solution of the elasticlty equa-
tions,

With uniforn dinensions of the bays, the dlsvlacenent
coefficlents are forred out of tte Kk and w values. For
the two redundancles X =1 and Y. =1 these are, for
convenience, collected in table of formulas 4. The dis-
placenent coefflclents of the redundanclies which occur in
torsion and bending in .the case of a 6~stringer shell with
déubly symmetrlical cross section, can then be odbtained di-
rectly from (31), By substitution of the values in tablos
of formules 1 and 2, there is obtalned the digtribution
due to a force group X, and Y,, respectively, applied

at the end dulkhead.

The same redundant force groups hold also for an 8-
strlnger shell, obtalned by adding two additional string-
erg at the diametral points of the horizontal axls. 1In
additlon, there @are then obtalned two doubly symmetrical
force groups whlich for the loading case consldered are
without signiflicance, and one force group sinply symmetri-
cal about the z~axis which is effective in bending about
the y~axls,

3. Shoells with lore Stringers

For shells with nmore stringers with doudle synnetry
of cross sectlon, the redundancies must first be so detor-
nined that they have small effect on one another and their
values noy be determined with sufficient accuracy fron the
5~nenber principal equations. In sinple casos this ney be
done starting fronm the corresvonding force groups with
eycllecal symnetry.
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As an example, we consider a l2-stringer ghell with
equal panslg. The.force groups set up according to figure
4, break up into three "antlsynmetricel," two doubly syn-
metrical, and four simply symmetrical groups, of which
oaly the antlisynmetrical and those sinply synnetrleal
about the y-azxls need be conpsldered for the loadlng condi-
tlion ilnventigated (fig. 13a,b).

It is aspuned that by = by; 8y = 843 Dbg = bys
Bg = 85; and F, = ¥y as, for exanple, is approxlnmately
the case with monocoque fuselages., If the effect of tho
bulkhead deformations -~ which with forco groups of hlghor
order lpg small compared to the offoct of the deformatlons
of tho shoot and etringers - is nogloctod, then on account
of the symmetry with respect to stringer 2 the entisynmet-
rical force groups X;,x end Xz j are ortanogonal to
xa’k. The unknown forces ¢ and 4 in X,k and 13;k

are noy so determined that their nixed dliaplacement coef=
ficlent contributions fron stringers and sheet separately
vanlgh, Then according to (31), any effect of different
types of force groups occurs onls thrqugh ,the bulkhead de-
fornations, and therefore wpl,3/ = wﬁ1,3) = 0, d4ccording

to (12) and (14), these conditlons are:

2ed . 1 _
F, 7, -0 1)
e | Dby (2¢ + 1) (2d = 1) =0

Fron those 1s obtained a quadratic equation for e or d,
the two roots giving, oxcept for a factor, the sane force
groupe X;  and X3 ) but in different order. For ‘the

speclal further case of b, = by = by = By = %%. there is
obtalned for ¢ and d:

0='2—%;—[~/];:8 +Fla -(FB -]‘1)]]
a

- [/ -]

For the two force groups Yj 1 o x synne trical
abotut the vertical axis (fig. 13b), there are deternined

(72)
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in sinilar manner the unknown forces ¢ and d fronm the
conditions that the nixed displacenment contributions fron
stringers ond sheet vanish separately. The effect through
the bulkherd deformations is then 1n both cases so snall,
as shown by nunerical exanples, that tholr values nay be
conputed fron the urconblned principal oequations.

The displacement coefflclients fron stringors and skin
nay for those fore® groups be sinply glven by the general
fornulas (12), (14), (17a,b,c). Whereas with groups of
hligher order the assumption of rigld bulkhead nay in gener-
el be considered approxzirately true, 1n the case of the an-
tlsycoetrlcal force group X1 i the bulkhead coefflclent
nust be taken into account. For ring dulkheads this coef-
ficlent can be determined approxinately fronm the Kg val-
ues for the 4-stringer circular c¢ylinder. The forece group
xl,k 1s composed of three sinmple convexlng forece groups
at stringers 1, 2, 3. For these the kg values are con-
puted fronm.the fornulas for the & raular ring dulkhead.

On cccount of b; = by the values for the groups at string-

ers 1 and 3 are equal to each othor, so that only the two
nagnltudes

4D 4 (b,+bg)
#s (@) nné ®kg (g) for o, = & @a = _——_%——E_

need be tekon fron (57), (58), or figure 11. We thon have
avproxlinatoly for the Kg vrluo of the force group xl’k:

kg £ kg (9z) + 3c® kg (9,) + 4¢,/rg (9;) Kg(wy) (73)

The accuracy will be checkod wit? the ald of an exan-
ple. - For Ag = 0.938, Ap= 0.9625, 1; = g%, P, =

1 o

Pg = g, there 1s obtained from flgure 11l: kg (vg)
8.52 X 10™*, &g (p) = 4,29 x 10~%. Tho approximate for-
muls glves for ¢ = 0.236: Kg = 14.94 x 10”*, while the

numerical intezration according'to the general formula (16)

glvos tho nore accuratc value 15.17 x 10”4, For practi-
cal computation the error is insignificant.

For shells with many stringers and with few axes of
synnotry the setting up of forco groups which are apnroxi-
mately orthogonal 1s vory tedious. A fundanental nethod
i1s givon in the Appendix. By conbining several longltudi-
nal stiffeners into one flectitious stringor, 1t 1s goner-
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ally- poasible to obtaln the simple shell forme considered
and thus a general view of the forece distributlon "in the
largé." " The approximato computation may likewlse be re«
stricted to snall ranges of the system in tho neighborhood
of "dilsturbance positions" (discontinuities in loading or
dimonsions, cutawvays, etc. ), in whic ocase arbltrary lin-
early indepondent force groups are chosen as tho statig
redundancles and the complete clasticlty ogquations for
these solved as in seoction III, I,

VI. RUMERICAL BXAMPLES AND COMPARISON WITH TEST RESULTS
1, Forco Digtributioén in a Six~Stringer Shell

Effect of the Varidua Stiffnossos

Tho effoct of tho various stliffnosses on theo force
distribution will bo invostigotod with tho ald of o sim-
Ploe oxample of a 6-stringor circular eylindrical shell of
equal boys with uniforn stringer distribution, and tho
rollebllity of approxinate computations checked. The bulk-
head rings are assumed to bo cttached to the skin.

Dinensions
r = 40 cn; rg = 37 en; ry = #8.5 cen; a = 36 cn
F, = 30 om8; I, = 1.5 on8
.1
8, = 83 = 0.06 cn; Jg = 3.0 ont; ;; = gg

Fron table of formules 4, tho W values, whlch are indo-
pondont of the -redundanclos, arao: :

wy = 0.333; wp

1.088 x 10*; wg = 58.8 X 10

Furthor:'

r r .
Ag = =2 = 0.925; Ap, = =X = 0.9625

“Ta) Ap lication of a convoz@_g foroo group X, =1
(fig. 14).~ Xccording to table of formulps 4 and figuro 11

Ky, = 288; Ky = 0.250; kg = 0.717 x 10”2
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go that, Ky wy = 0.96 x 108 kpy wg = 27.2 x 10°
Kg W = 421.6 x 10°

Fron theso thore aro  obtainecd, according to the fornulas
in teblo 2, tho volucs: A = 1.147; B = 0,%41. We thero-
forp havo tho case (A - B) <1, witk the upper sign.

Wo thon heove:

v = % cogh—l 1.488 = 0.476, X =%‘ (008-1) 0.806 = 0.317

The falling off to zero of the convexlng forco group X, =
1 for an infinitoly long sholl is then obtained for olas-
tic ond rigid end bulkhoads, rospoctivoly, fronm tho ogqua-
tlors:

X, = 670478k (504 0,317 k + 1,055 sin 0.317 k)

and
X = =047k (gog 0,717 k + 0,390 sin 0,317 k)

For the liniting case of porfectly rigld end bulk-
heods:

X, = 6P with @ = cosh~?! g;zgi%:gg = cogh™! 1.227 = 04662
el™lgy

Figurc 14 shows the numorlcal veluos of Xy 'plotted

agoingt the shell length, the points bolng Joilned by
straight linos. According to the sholl nodol used the
forcoe dlgtribution 1in .onec of the four loadod stringers is
shown. For tho caso of clastic end bulkheads the valuos of
Xy &aro glvon for a 6=bay sholl, Largor doviations from
the velues for the 1nfinitely long shell occur only for
snell ond forces, so that sholls whosce longths nro approx—
inntoly cqual to the circunforoncos, may bo computed fron
the sinplor formulaes for tho infinitely long shells,

The offoct of the convexing force group will be snaolle-
er tho stiffor tho transverso stiffenoers compared to tho
stringores oand shoot. If the stringers, however, aro vory
st1ff (ky wy = 0), then tho bulkhead effect vanishos;

1.0y with finlte longth sholls the forces in this caso
docroase linearly ovor tho eontire longth.

A further Iimiting caso 1s that of a shoot rigid in
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shear (KB'wB =-.0) and the force distribution 1s shown in

filgure 14 (thin lineds). - The sffect of tha shear deforma-
tions on the force distridbution appears to be greater the
stlffer the bulkheads; a great stlffness in shear glves a
more rapld rate of docrease in the forces. The continuous
distribution of the foar ces computed according to table of
formulas 3 glves at the transveorse stiffenors about the
sane valucs as obtalned according to table of formulas 2,
and therefore has not boon spocially indleated.

: For the statically indeotorminato computatlon, 1t 1s
important to know the effoet of slight variations in the
stiffnossos since the computation is made with estlimated
cross sections and skin thicknosses. ZFlgure 16 shows the
forco distribution in a long sholl with rigld ond ring
whoro tho dimensions of bulkhoads, stringers, and skinm
havo been varlod individually from the main assumption a).
It nay bo soen that the force distribution 1s not very
sonsitive to those changos. From cascs c¢) and d) 1t may
bo concluded that tho total distridbution after duckllng of
tho gkin does not charge much, since tho offecta duo to
the snallcr contribution of the skin in supvorting tho
longltudinel forcos and tho decreoaso in the shoar stiff-
ness cpproxlimately offsot oach othor. Upon this force
distrlbution there 1is still to be auperposed, however, the
states of stress due to the tenglon flelds thenselwes.

‘b) Application of & aynmmetrical force group Y, =1

(fige 16). The type of loading shown in figure . la by a
bending force group may, according to sectiom II, 3 Dde
reduced to a simply synmmetrical force group Y,. Fron ta-

ble of formulas 4, we find:

Ky = 360, kg = 0.1465, kg = 1,085 x 10™°

fron vhich A = 7.50, B = 5,77. We thus have the case

A~ B>1 wlith upper sign, and the falling off to zero

for an infinitely long shell 1g averiodic, for example, 1n
the case of elastlic end bulkhoads, according to the formula:

T = 61938k (50gh 0,573 k + 1,812 sinh 0.573 k)

The results of computations for the different limiting

cagee of bulkhead stiffness are plotted in figure 16 agalnst
the shell length and the points Joilned by strailght lines,
the force dlstribution in etringer O being represented.
There 1s £lso shown the limiting case (Ay, = Ag = 0) for
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which Kg = 7.35 x 10~°. This cass may also be interpret—
ed with respesct to the original dimensions as a reductlon

in the bulkhead stiffness by about 1/7. There has further
been computed the force distributlon in the limiting case

of sheet rigld agalnst shesr.

Since the force group Y, is of "higher order" (see
II, 2) than the convoxing group X,, 1t reduced to zoro

over a shorter eghell length. The force distribution cdo-
pends only on the stiffness of the transverse gtiffoners,
particularly 1f there is a strong end bulkhead et tho loed-
ing end. The dependence on thc shear stlffness 1ls consld-
erably groater, however, than 1in tho case of the coavexling
force group. As an approximating assumption for sinmplify-
ing the coenputation, it is accordingly permissible to neg-
lect the bulkhead deformations (kg wg = 0) 4in the static-
all; indoterminate computation for the simply symn:trical
force groups

2. Conputation of e Test Shell

The conputation procedure developed willl be applled
to a clrcular cylindrical 18-~stringer shell, whose states
of stremss under an appllied bending and convexlng force
group at 4 stringers, has been determincd exporimentnlly,
as pregonted in detsil ip a sinultaneously appegring papor
by E. Schapitz cnd G. Krunling. (Sco reference l.) The
description of the shells and the method of comducting the
tosts nay thoreforo here be disponsod with., We further
linit ourselves to the computatlon of the longitudlnnl
stresses In the stringors bofore budkcling of the skim
takes placc, and comparo then with the measured valueos.

o) Application of a bending forece group.- Tho actual
arrgngomont of tho etrinzors 1s shown 1in figuro f?a for
onc quadrant. At strinyors_[?] [12], [3), [16]1° a purc
bending monont about tho transverso axis is applied by
four concentratod forces P. Vo conslder first tho closcd
shell without the cutaway portion at the loading sido and
l1doalize the syston to a l2-<stringor sholl by conbining
stringers [10] and [11] into onec stringor 1 of double
the cross—soctional arean. ¥or the skin thilckness thero is
assunocd o uniform wvaluo of 8 = 0.06 e and half tho skin

loTho stringor and bulkhead notationg takon from the pavor
by E. Schanitz and G. Krumling arec denotod by brackeots.
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strip of the noighboring sheot panels is pdded as offec-
tivo wldth to each stringer soction, Thesme effoctlve
b -abringor sectiona Ate ghHown in figure 17a. Wo then havo:

4 (F, 7,8 + ¥y 5o + ¥y y,®) = 2.60 x 10* om*

equal with sufficient approximetion to the moment of iner-
tle with respect to the transverse axls of the full shell
in the last bays. The applied bending force group is split
up o8 shown in figure 5. The component forces of the force
group corresponding to the linear stress dlstributiom over
the cross sgetlion and having oqual moment are:!

(o) - o.583 P; B{°) = 0.389 P; 2{°) - 0.097 P

As redundoncles there occur only the simply symmetrical
force groups Il r &aand Yo K indicated in figure 13b.

From the conditions for the Vanishing of tho mixed displace=-
ment cocfficlents from stringors nnd saeset there are ob-
tained the values for the componont forces ¢, d4, ¢, 4

shown in figure 17b (solution of a quadratic squation).

The chorcctoristie forco group ghown in figuro 6 as tho
differonco botweon the setual and linearly distridbuted mo-
ment 1s combined from the rodundant 1ongitudina1 force
groups in tho following mannor?

Charactoristic forco group = 0,431 P (Y1,o = 1)
- 0,262 P (T ,0 = 1)

The monner of decreasoc of Ti,o =1 and Ya o =1 18 com—-

puted under the approximating assumption of rigid bulk-
hoecds - which assumption i1g pormigsible according to the
numorlcal oxample proviously glven. The bulkhead spacing
1e 2 = 36 ecn and with tho valuos determinod according
to (28) ond (30):

KL Wy, = 2,53 x 10%; kg wy = 32,9 x 10®° for ¥y p =1
k1 wr,

thoro 1s.obtainocd from table of- formulas 2:

2,86 x 10%; &« = 12,84 x 102 for Y = 1
B W3 2,k

Yl,k o 8_1.001_k; YZ,k = ofi.aoak

~ Fronm these volues are obtained the etringer forces due to
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the characterlstic force group an% ?y superposlition with
o

the above values of P1 , Pn .- , tﬁere ias obtalned
the final force dlstribution plotted in flgure 18.

In order to take into account the effect of the cut-
away portion, this incomplete bay 1s separated from the _
full shell and a further simply synmetrlical force group Y
s assuned to act ne static redundancy at stringers 2 and
3. TYor the conditlion Y = 0 there is obtained 1ln the
full shell the force distridbutlon prevliously computed, 1n.

he nmein spars of the cutaway portlon the constant. force
P. The stress condition Y = 1 1in the full shell is re-
strlcted approximately to the first bday. For the deterni-
natlon of Y, +the various skin thicknesses must be taken
into account. Furthermore, the skin in the firgt bays
does not contridbute to the support of the longitudinpl
forces 1In the same degree as was previously assumed in the
case of the complete shell, After conmputing the displace-
ment coefflclents according to the general formulas in
section III, 2, using the walues indicated in figure 18
for the dimensions (bulkheads assumed rigid), there is ob-
tained Y = 0.0606 P, and fronm this the force distribu~
tion given in figure 18.

For comparison with the measured stresses the mean
stringer stresses must be determined from this force dls-
tridbution. Since from bulkhead [d] on the stress dls-
tribution obtained is approximately linear (see fig. 18),
1t is nossible from thlis position on to use the values
for tho stringer cross sectlons given in figure 17. At
tho cutaway portion end at the firet bays, the skin con-
tributed only imperfectly to the support. (See the paver
by Schapitz and Krumling, rofeorence 1l.) At the cutaway
portion the mean cross—~sectional areas glven in flgure 18
apply; at dbulkhead [f] in the full shell, wo have ap-
proximately: .

F, = 1,95 cmB; Fy = 3,10 em®; Fy = 1,30 cm?

From these wvalues up to those of flgure 1l7a at bulk-
head [d] a linear rate of increase is assumed. In fig-
ure 19 are plotted the strosses computed with these cross
soctions from tho force distridbution in figure 18, as well
as the values glven in figure 7 of the work by Schapitz
and Krumling, the values being divided by an 1lnltial
stress of 474 kg per cm® at the loading side. .The stress
distribution is in satisfactory agreement with the stat-
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lcally indetorminate domputation. The assumption of rigid
bulkhoads in the computation loads to a more rapld state
of decrease of the longitudinal stroesses in the maln spars
and to o more rapid rete of rise in the intermodiate
stringers. Through the combinatlon of stringers [10]

and %11] the deformations of these strlingers occurring
in the first bays of the complete shell are not taken into
account, thus resulting in a greator stress in stringer
{11] +than in gtringer [10].° Furthor detaills of the
stress condition (shears, bulkhoand loading, etc.) are glven
in the experinontal reoport referred to.

D) Application of a convexing forge group.- For com-
puting. the force digtribution resulting from the applica-

tion of a "coavexing" forco group at the four naln spars,
the test speclmen 1s i1dealiged inte a l2~stringer shell in
a dlfferent manner, Since the intermediate stringers in
the nelghborhood of the upper and lower dlametral points
are hardly loaded this computation 1s restricted to the
maln epars and the adjacent intermediante stiffeners, and
is based on o somewhat differont circumforential spacing,
as ghown in figure 20a. The offect of the cutaway portion
1s neglected. For an approximate computation, we conslder
first o system of equal bays with skin thickness 8 = 0,06
em and o bullkhend moment of inmertia Jg = 3 em* (this is

approximately the computed value for the section of the
bulkhead rings [e] and [£] attached to the skin at the
loeding slde.) To the main spars and intermediate string-
er pectlons (snee fig. 17a) there is ndded an offective
skin strip of 12 and 14 cm, respectively, and there are
thue obtained the effective stringer sections shown in
flgure 20.

O0f the three antisymmetrical characterigtic force
groups at a l2-stringer shell (fig. 13a), only X;,x ond

xa'k; due to the convexing force group, will be effec-

tive. For tho component forces ¢ and d, there are dew-
terninod the valuecg indicated in figure 20b from the for-
mula- (72) in section V, %, The mixed displacement coeffi~
clents duoc to stringers snd sheet then varish. For the
applied convexing force group Xp, +the following relation
1s true: :

Xp = 0.780 P (X; o= 1) + 04220 P (X3 o = 1)

The forco distridbution duo to 11’0 = 1 and xs,o =1 18
detormined from independont differonce equatlions, as shown
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in the flrst numerical example. The bulkhead coefficlent
kg for the redundancy X, , 1s already contained 1n the
?

numerical example for the approzimate formula (73). Fig-
ure 21 shows the results for different assumptions. The
characterigtic force group X3,0= 1 decreases more ranid-

1y than xl,o = 1, 8lncoe the former is of higher order,

It nay be detormined with sufflelent accurscy accordlng to
table of formulas 2 under the assumption of infinltely

long shell and rigid transverse stiffeners. For the char- -
acterlstic force group xl'k these assumptlons are no

longer admissible; table of formulas 1 must therefore bo
used and the effect of the bulkhead doformations taken in-
to account. Thore was, furthormore, lnvestigated thc of-
fect of the two redundancios due to the bulkhead deforma-—
tlons, by computing the mixed displacement coefficlonts
and golving the complete olastliclty equations. This effect
1s very osmall, the redundencles belng practically orthog-
onal,

Since the variation of the redundancies Xj ) deponds

essontlally on the bulkhead stiffness, a more accurate con-
putation wes made for the ectunl dimensions "stepped" in
the longltudinel-direction, The effective moment of in-
ertla of tho bulkhends at the sholl attachmont was ob-—
taincd by doflection measurements for the case of diamot-
ricelly situanted concentrnted forcéds:

Is 6,5 em* for bulkhecd [e] =nda [f]

Jg = 0.2 em* for bulkhoeod [a] to [a]

For the bulkhends [e] and [f] attached to the skin, the
bulkhead coefficlent undor tho assumption of teongemtial
load 1g:

kg = 14.94 x 10~*

while for bulkheads [a] to [d] wunder the assumption of

radlel load (according to fig. 11 and approximate formu-
la (73)): )

Kg! = 23.9 x 10~*
Furthermore, there was taken into acecount the variable

skin thicknesses (0.08 cm in bay 1, 0.06 em in bays 2 to
4)., TUnder these aossumptliong there are obtalned, according
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to the general procodure in section III, the values for
xl ir~ Plotted as-a heavy-line in filgure 21. In splte of

the weakor bulkheads nt the ond of the sholl thore is a
more rapid rato of decreaso than undor the assumption of
equal bays. This ig due to the essentially smaller stiff-
ness of the system from bdays 2 to 4 asg compared wlth the
firat bay.

With thoee more accurate values for Xj i and the
approximante values of 13 x for rigld bulkheuds. the forece

dlgtribution shown in figure 22 was computod. For compar-
lson with the oxperimental results there wore further de-
torminod the stresses duno to thig force distribution. For
this purnose there was assumed a linear raté of incroaso

botwoon tho estimntod reduced areas F, = 135 cmB, Fg =

3.10 cm® ot bulkhoad [f] and tho stringer crose soctlons
fron bulkhead [4] on, according to figuro 20. Since tho
effoect of the cutaway portion is neglected, the comparison
can only be made with the measured stress values 1n the
main spars cnd in the intermedinte siringers [11] and [17]
(fig. 22)s Tho experimentally detorninod strosses in tho
nain spars decroase sorewhat nore rnpidly than uccordins
to the conputation, ospecinlly from tho socond bay on. 4o
a rogult, the cqomputed shonrs (s0e fige. 20 of the papor by
Schapitz and Krunmling) in the first bay aro smaller, cnd
in tho last bays aro greater than tho oxporinentally de-
terninod values. The reason for this lies in the nogloct-
ed bonding stiffness of the main spars, as a result of
which tho bulkhoads at tho end of the shell rocelve addl-
tionecl stressos 1n tho same diroction as those from the
sheara. Theoso bulkheonds therofore act atill more weakly
than was assuncd in tho conputation, and the roduction ie
concentratod nore strongly on the stiffer first bay. In
splte of the negloct of these factors, the method dovol-
oped ylolds sufficliently acourate wvaolues.

Further conclusilong as to the state of -stress need
not hore be considared a8 those will bBe found in the work
of Schnpitz and Krumling, alrendy roferrod to. Tho effoct
of modifiod test conditions may bo roughly estimated from
the lnvestlgatlions in the first numerienl example. In
partlcular, the tests confirm .the conclusion drawn fyom
flgure 15, that the force distribution as o whole under—
goos only a slight chango nftor buckling of tho skiln.
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VII. SUMMARY ..

Longltudinally and transversely stiffened shells are,
under tho assumption of constant shear flow (shear times
thicknoess) in each of the shest panels, treated as systenms
with finlte static redundancles. The procedure of the
statlcally lndeterminate comnutation is glven for cylin-
drically shaped shells under condltlons of loading by con-
centrgted forces, noments, and transverse forces. Asg stot-
lc redundancles longltudinal force groups are introduced
at the intermedlate transverse stiffeners and restraints
betwoon the bays, theso force groups belng so chosen that
only groups of the same kind affect each other longitudi-
nally - as a result of which the olastlclty equations dreak
up into independent S5-~momber partial systems. The manner
of sotting up of these "orthogonal" characteristic force
groups 1g given for several simple skhell shapes. Such
force groups are in general possible only for a sufflcicont-
ly largoe number of axes of symmetry, but othorwlse only_1if
tho mutual offect through. the doformations of the trans-
verse walls or the shear sheots or also of the stringoers
1o negloctod. (Soce VIII, Appondix.) It 1s shown, with
the ald of oxamplos, that noglecting of the transveorse
gstiffonor deformations is admissible for the setting up of
orthogonal force groups. The further result 1s obtalned
that the transverso stiffoner defornmnations are of impor-
tanco only for the distrlbution of the force groups which
are 1n equilibrium over tho entire sholl clrcumference.
(for oxomple, antisymmotrieal force groups in torsion),

For force groups of "higher!" ordor - such, for exanmplo, e&s
occur in bending - the transverse walls nay be assumed as
rigid.

In the case of equal bays, thc elasticlty equations
are solvablo in finite form. For the loading of the shell
by concontrated forces, these solutions aro given in ta-
bles of fornulas., Sinilarly, thore have beon colloctod
in one table, tho dlsplacement coefficlents for 6~stringenx
shells of equal bays. With the ald of these tableos theo
most lmportant disturbances from the elemontary forco dls—
tribution, such as occur on application of concontrated
forces at cutaway portlons, may be approximetely deter—
mined for the usual sholl ghapes..

The proctlcol computation procedure is clarified with
the ald of o sinple numerical example, and the effect of
tho stiffnesses on the force digtribution, invesgtigated.



l,l‘-'\'ir-.v ol o
-. Lot

HsAsOC.A. Technicnl Memorandum Ho., 866 57

Further, there 1g computed according to the procedure pro-
Posed, the stringer stresses in a teost shell with axial
forces” &pplied at four »oints and tho stresses compared
with the oxperimentally determined values. Satisfactory
agreemont ls obteilnod between the computed and measurcd
valuos. The same procedure, using the corresponding dig-
Placonment coefficlents, may be appliocd to othor multi-
stringer systems (multispar freme wings, airship hulls).

VIII. APPENDIX
Orthogonal Force Groups for Cylindricnl Shells

with Arbitrary Cross Sections

Tho sotting up of uniform orthogonal characteristic
force groups for shells of equal beys with arbitrary non-
synmnetrical cross section and many stringers, will bo moro
closely lnvestigatod. If, in tho mixeod dlsplacement coef-
ficlents of tho force groups at the same transverse stilf-
feners, tho contributions from the stringers, sheot, and
bulkhoads venlsh separately, thon according to (31) pl1
mixed digplocoment coofficlonts of force groups of diffor-
oent kinds aro oqual to zero and conversely. It ig thoro-
foro sufiiclent, for tho sotting up of orthogonal groups,
to considor n system of two bays and at the intermediato
tronsvorso stiffener, to dotermine the redundanciles X,

Xg, ..c.y Xpqox in su?h)a m?n?or that(a%l nixod dlsplace-
L B S
ment contributions Bu,v’ sp'v, and Gu'v vanish, Thore

oro 3('2'3) =-§ (m - 3) (m - 4) differont portions of
this kingd.

'étuzting from arbitrary lincorly lndepondent force
groups X;, Xg ...., Xpw3 and forming from thoso by a

lineor transformetion with doterninant difforent fronm ZOTro,
tho required force groups X;, ee.., Xgusa®

_ n-3 '
Tw = o&, Cp,v Tos (B =1, 2, o0oy m = 8) (74)

thore are only (a = 3)? = (n = 3) = (n = 3) (n = 4) o8-
sontinl constnants ¢y p =ovailable since oach multiplo of

?
a forco group may be choson as a unit stato. The g (n - 3)

(n < 4) oquations of condition for tho vanlghing of
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(L) 4(3) - (s) . i
su’v. Bu’ﬁ. and su;v cannot all, therefore, as a rulo, bo
satlisfled. In spccizl casas - as, for exanplo, wlth cyc-
lic synnotry - these equations nay bo independont of oneo
another, so that the freo valuos of the above transforna-
tlon aro suffliclient. In gonornl, howevor, the oquations
are indepondent, and the orthogonality condltlon of the
forecec groups cannot be obtalned for arbitrery nonsynmnetri-
cal cross soctlons.

If the offect of onc of tho three stiffnesses of _
stringors, shoot, or bulkheads on tho coupling of tho dif-
fercnt rodundancios is noglectod, thon the (n = 3) (n -~ 4)
osgentlal values ey p of tho transformation aro suffl-

clont for satisfylng tho renaining 2 (n;5> 2 (p~ 3) (n- 4)

conditions. In tho work of Wagnor and Sinon (rcference 3),
the offect of trhe shoar stiffnoss 1ls not taken 1nto accoo unt,
go thot tho dotormination of orthogonal lndevondent stross
groups 1ls possliblo as charccterigtic golutions of a linocer
integrel cquation with syncotriecal nuclous. 4As 1s shown

by tho aunorical exanplos for stiffoned sholls, the offect
of tho bull-hond deformstiong on tho force groups of llgher
order 1s snall, so that i1t is convonlent to noglect tho
effoct of tho bulkheads ~ 1,0., to doternine the forec
grouns Xy 1n such a nanncr that tho mixoed coofficlonta

() (B)
su,v cand Su'v :
conposod of two panols nny be expressod in terns of the
rodundanclos X3, ee., X;.5 with the corresponding dis-

placenont coefflcients Ep,v- The quadratic portion in X

conelasts, on noglectinz the bulkhoad deformatlions, of tho
two positive definito quadratic forns:

vaulsh, The strain energy of tho syston

B - 2 B, 5 iu 3y, H(B? = % ufv Eﬁ?g I, I

whoro the X'!'s now donote nundors, nagnoly, nultiploeoe of
the unlt setatos of the rodundancios X. According to a
theoren on quecdratic forns (roferonco 1l4), there thon ol
waye oxisto o linear transfornation:

—_— n-3
T, = 2 Gy Xp (B =1, 2, coes, o= 3) (741)

by whilch H(L) and H(B) aro transfornod into expros-
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slons with purely quadratic terme?

-

O IO B IR TG LT
: aui d‘.‘ xua'.n . Eu- X, (75)

The coefficlonts #b p of the transformation are the

(m = 3) particular solutions of the homogeneous syston of
equationg:

25 (552 = pp 52)) e =0 B =Ly 2, eees m = 8D (76)

vhoge determinant, set equal to zero (an equation of the
(n - S)d dégroe), hns the charanctoristic numbers PM
(b =1, 2, seey, m = 3) as roots. If tho transformation

m-3

X, = £ ¢

b= 2, Cuav Tv

is now applied to tho unit stato of the force groups, tho
nixed displecoment coofficlente fron stringers and sheet

for the fecrco groups X wvanlsh, slnce for 8“.9, 7o have

the transfornntion:

m-3
= Va4
8 v p,§=1 Fp’q cE1P c?—._f1 (77)
and for E(L) wo have, aftor substituting from (74!) and
" (77): .

Em'lpzq“gL;(E““P 1) (F co.q T) =

1 (D) :
=3 ulv T xv [ p%q 5p,a %w.D °v.q]

= & (L) 1 (L) ¢ @
3,5, b BT =5 D X
go that,
(L) (L) - 5 (%)
= = = v
ap'ul a, for B o=, B, 0 for B

(B)
Sinilarly, for Bu'u.




60 N.A.C.A. Tochnilcal Honorandun Yo, 866

The detoernination of orthogonal charescterlistic func—
tions by noglecting one of tho throe essontlal stiffnesseos
with respoct to thelr mutual coupling effocts 1s thus ro-
duced to the »roblonm of the slnultaneous transformation of
two positive dofinlte quadratic forns into exprossilons
wlth only gquare torms. In the case of n setringers,
this requires the complete solution of a characteristloe
equation of the (m -~ 3)d degree and the computatlon of
the corresponding particular solutlions of the linear homo-
goneous system of equations (76), These algedbralc oper-
atlone for a finite nunber of variables correspond to the
solution of the linear honogeneous integral equation in
the work of Wagner and Sinmon.

Translation by S. Relss,
Natlonal Advieory Comnittee
for Aeroncutics.
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